Published by Institute of Physics Publishing for SISSA/ISAS Received: November 11, 2004 Revised: January 8, 2005 Accepted: January 16, 2005

Conifold type singularities, N = 2 Liouville and SL(2; R)/U(1) theories

Tohru Eguchi and Yuji Sugawara

Department of Physics, Faculty of Science, University of Tokyo Hongo 7-3-1, Bunkyo-ku, Tokyo 113-0033, Japan E-mail: eguchi@hep-th.phys.s.u-tokyo.ac.jp,

sugawara@hep-th.phys.s.u-tokyo.ac.jp

Abstract: In this paper we discuss various aspects of non-compact models of CFT of the type: ∏_{NL} j=1{N = 2 Liouville theory}_j ⊗ ∏_{NM} i=1 {N = 2 minimal model}_i and ∏_{NL} j=1{SL(2; R)/U(1) supercoset}_j ⊗ ∏_{NM} i=1 {N = 2 minimal model}_i. These models are related to each other by T-duality. Such string vacua are expected to describe non-compact Calabi-Yau compactifications, typically ALE fibrations over (weighted) projective spaces. We find that when the Liouville (SL(2; R)/U(1)) theory is coupled to minimal models, there exist only (c, c), (a, a) ((c, a), (a, c))-type of massless states in CY 3 and 4-folds and the theory possesses only complex (Kähler) structure deformations. Thus the space-time has the characteristic feature of a conifold type singularity whose deformation (resolution) is given by the N = 2 Liouville (SL(2; R)/U(1)) theory.

Spectra of compact BPS D-branes determined from the open string sector are compared with those of massless moduli. We compute the open string Witten index and determine intersection numbers of vanishing cycles. We also study non-BPS branes of the theory that are natural extensions of the “unstable B-branes” of the SU(2) WZW model in [31].

Keywords: D-branes, Superstring Vacua, Conformal Field Models in String Theory.

© SISSA/ISAS 2005 http://jhep.sissa.it/archive/papers/jhep012005027 /jhep012005027 .pdf

Contents

1. Introduction 1

2. Preliminaries 3 2.1 Branching functions in SL(2; R)/ U(1) Kazama-Suzuki model 3 2.2 Extended Characters 5

3. Non-compact cosets coupled to minimal models 7 3.1 Toroidal partition functions: continuous part of closed string spectra 8 3.2 Elliptic genera: discrete part of closed string spectra 11 3.3 Massless closed string spectra 13 3.4 Notes on geometrical interpretations 18

4. D-branes in non-compact models 20 4.1 Cardy states for compact BPS D-branes 20 4.2 Cylinder amplitudes 24 4.3 Comments on non-compact BPS branes 28 4.4 Non-BPS branes 31

5. Conclusions 34

A. Notations 35

B. Character formulas of N = 2 minimal model 36

C. Extended characters and their modular properties 37

D. Twisted N = 2 characters 40

E. Extended characters and appell function 41 E.1 Preliminaries 42 E.2 Derivation of eq. (E.1) from the STT formula (E.6) 42

1. Introduction

Superstring theories on non-compact curved backgrounds are receiving a great deal of attentions. Well-defined description of these string vacua by irrational superconformal field theories (SCFT’s) is an important and challenging problem. Recently, considerable progress has been made in the study of the N = 2 Liouville theory or the SL(2; R)/ U(1) Kazama-Suzuki supercoset theory, based on the method of modular bootstrap and the exact

– 1 – description of D-branes in terms of boundary states [1]–[11]. It should be also mentioned that attempts of the conformal (boundary) bootstrap in these N = 2 systems are given in [2, 6, 7, 10].

In this paper we investigate the superstring vacua of the type N_L∏

j=1 {N = 2 Liouville}_j ⊗ N_M∏

i=1 {N = 2 minimal model}_i

which in general contain more than one N = 2 Liouville fields coupled to N = 2 minimal model. A suitable orbifolding procedure is imposed as in the Gepner construction [12] in order to ensure the space-time SUSY. If one uses the T-duality (mirror symmetry) of N = 2 Liouville to SL(2; R)/ U(1) Kazama-Suzuki model [13, 14, 15], the above models are equivalent to N_L∏

j=1 {SL(2; R)/ U(1) supercoset}_j ⊗ N_M∏

i=1 {N = 2 minimal model}_i .

These models are expected to describe non-compact Calabi-Yau manifolds where we obtain non-gravitational space-time theories due to the Liouville mass gap. The earlier studies on such models are given in e.g. [14] and [16]–[27]. Many related topics and a detailed list of literature are found in a review paper [28].

A basic idea in Gepner construction is the orbifolding with respect to the U(1)_Rcharge of N = 2 superconformal algebra (SCA). One way to impose charge-integrality is to consider spectral-flow orbits as in [29]: by using flow-invariant orbits we can systematically construct conformal blocks of the theory. In our previous paper [1], we have considered N = 2 Liouville theory with rational central charges and introduced extended characters which are defined by an infinite sum over spectral flows of irreducible N = 2 characters. We have shown that

• Extended characters have discrete and finite spectra of U(1)_R-charges, although they may have continuous spectra of conformal weights.

• They are closed under modular transformations.

We have also noticed that these characters naturally appear in the torus partition functions of SL(2; R)/ U(1) Kazama-Suzuki models [4] (see also [5]), which are T-dual to the N = 2 Liouville theories. In this paper we use extended characters together with irreducible characters of minimal models as basic building blocks of our construction.

In the following we especially study models with N_M = 1 and 1 ≤ N_L ≤ 3, which are interpreted geometrically as ALE fibrations over (weighted) projective spaces [23, 26]. We find a very interesting aspect of massless spectrum in these models: in the case of N = 2 Liouville theory coupled to minimal models there exist only (c, c) or (a, a)-type massless states in the CY 3 and 4-folds and no (c, a) or (a, c) massless states appear. Thus the theory possesses only complex structure deformations and no deformations of Kähler structure. On the other hand, if we use the SL(2; R)/ U(1) description, the theory possesses only (c, a)

– 2 – and (a, c)-type massless states and the moduli of Kähler structure deformations. Thus the space-time has the characteristic feature of a conifold type singularity which is deformed (resolved) by the N = 2 Liouville (SL(2; R)/ U(1)) theory.

In the case of models describing non-compact K3 surfaces or smoothed ADE type singularity, on the other hand, the same number of (a, c), (c, a) and (c, c), (a, a) states appear in accord with the N = 4 world-sheet supersymmetry.

This paper is organized as follows: in section 2 we present a brief review on the irreducible and extended characters in the SL(2; R)/ U(1) Kazama-Suzuki models following [4]. In section 3 we study the closed string sector of our non-compact models. We analyze the torus partition functions, elliptic genera and the massless spectra of closed string states. We study models with N_M = 1 and 1 ≤ N_L ≤ 3, and find the interesting characteristics of their massless spectra as mentioned above.

In section 4, we study the open string sector of our models. We focus on the BPS compact branes and evaluate the cylinder amplitudes. We compare the spectra of BPS compact branes with those of massless moduli determined in section 3. We find that some of the BPS branes (cycles) are not associated with massless moduli as noticed previously in the case of singular CY manifolds [30, 20, 21]. We also derive the general formula of open string Witten indices and prove the conjecture of [23]. We further construct boundary states for a class of non-BPS D-branes which are extensions of “unstable B-branes” in the SU(2)-WZW model [31]. Contrary to the flat case, non-BPS branes including RRcomponents (but with vanishing RR-charges) also exist. This type of branes could be identified with the ones studied recently in [32] using the DBI action. Section 5 is devoted to a summary and discussions. We present in appendix E some consistency checks of our modular transformation formulas with the known results about the higher level Appell functions [33, 34].

In the following we mainly use the language of SL(2; R)/ U(1) supercoset theory rather than the N = 2 Liouville theory for the sake of convenience. However, later in section 3 we identify results of CFT analyses as describing the deformed geometries based on N = 2 Liouville theory.

2. Preliminaries

We start with a brief review on the conformal blocks and their modular properties of SL(2; R)/ U(1) Kazama-Suzuki model. More complete arguments are given in [4] (see also [5]).

2.1 Branching functions in SL(2; R)/ U(1) Kazama-Suzuki model

The Kazama-Suzuki model for SL(2; R)/ U(1) is defined as the coset CFT

SL(2; R)_κ × SO(2)_1 U(1)_{−(κ−2)}

, (2.1)

– 3 – which is an N = 2 SCFT with ĉ(≡ c/3) = 1 + 2/k, (k ≡ κ − 2). The coset characters are defined by the following branching relation χ_ξ ( τ, 2 k z + w ) θ_3 ( τ,^{k+2}_k z + w ) η(τ) = ∑ m χ^{(NS)}_{ξ,m} (τ, z) q^{− m2}k e^{2πimw} η(τ) , (2.2)

where ξ labels irreducible representations of ^SL(2; R)_κ and χ_ξ(τ, u) denotes its character. We can identify the branching functions χ^{(NS)}_{ξ,m} (τ, z) with the irreducible characters of N = 2 SCA as follows:

• for the continuous series ξ = Ĉ_{p,m}:

χ_c^{(NS)}_{p,m} (τ, z) = q^{p22 + m2k} e^{2πi 2mk z} θ_3(τ, z) η(τ)^3

, (2.3)

which are the massive characters of N = 2 SCA. The highest-weight state has the quantum numbers, conformal dimension and U(1)-charge as h = p^2 2 + 1 4k + m^2 k , Q = 2m k . (2.4)

• for the discrete series ξ = D̂^+_j :

χ_d^{(NS)}_{j,m=j+n}(τ, z) = q^{j+n2+2nj}k^{− 1}4k e^{2πi 2(j+n)}k^z 1 + e^{2πiz}q^{n+1/2} θ_3(τ, z) η(τ)^3

, (^∀n ∈ Z) , (2.5)

which are the n-step spectral flow of massless matter characters. The n-step flow is generated by an operator U_n ≡ e^{inΦ} where Φ denotes the zero mode of a scalar field of the N = 2 U(1) current J ≡ i∂Φ. The unitarity requires the condition [35, 36] 0 < j < κ 2 ( ≡ k + 2 2 ) . (2.6)

The highest-weight states have the following quantum numbers; h = 2j ( n +^1_2 ) + n^2 k , Q = 2(j + n) k , (n ≥ 0) , (2.7) h = − (k − 2j) ( n +^1_2 ) + n^2 k , Q = 2(j + n) k − 1 , (n < 0) . (2.8)

They are given explicitly by (j^+_0 )^n|j, j⟩⊗|0⟩_ψ (n ≥ 0), (j^−_1)^{|n|−1}|j, j⟩⊗ψ^−_{1/2}|0⟩_ψ (n < 0) respectively (here |j, j⟩ denotes the lowest weight state of bosonic SL(2; R) algebra and |0⟩_ψ denotes the fermion Fock vacuum). The highest weight representations D̂^−_j merely yield the same type of characters and we need not take account of them.

• for the identity representation ξ = id:

χ^{(NS)}_{0,n} (τ, z) = q^{− 14k}

(1 − q)q^{n2}k^{+n− 1}2 e^{2πi}(^{2nk +1})^z ( 1 + e^{2πiz}q^{n+1/2} ) ( 1 + e^{2πiz}q^{n−1/2} ) θ_3(τ, z) η(τ)^3

, (2.9)

which are the spectrally flowed graviton characters. The vacuum states are summarized as

– 4 – n = 0 : the vacuum is |0, 0⟩ ⊗ |0⟩_ψ with h = Q = 0.

n ≥ 1 : the vacuum is (j^+_{−1})^{n−1}|0, 0⟩ ⊗ ψ^+_{−1/2}|0⟩_ψ, which has the quantum numbers

h = n^2 k + n − 1 2 , Q = 2n k + 1 . (2.10)

n ≤ −1 : the vacuum is (j^−_1)^{|n|−1}|0, 0⟩ ⊗ψ^−_{1/2}|0⟩_ψ, which has the quantum numbers

h = n^2 k − n − 1 2 , Q = 2n k − 1 . (2.11)

2.2 Extended Characters

From now on, we shall concentrate on models with a rational level k = N/K (N, K ∈ Z_{>0}). We define the extended characters by taking the mod N spectral flow sums of irreducible characters. In the following definitions, m is assumed to be an integral parameter within the range −NK ≤ m < NK. • continuous representation (‘extended massive character’):

we define

χ_c^{(NS)}(p, m; τ, z) ≡ ∑ n∈NZ χ_c^{(NS)}_{p,m/2K+n}(τ, z) ≡ q^{p22} Θ_{m,NK} ( τ, 2z N ) θ_3(τ, z) η(τ)^3

, (2.12)

which has the highest-weight state with h = p^2 2 + m^2 + K^2 4NK , Q = m N . (2.13)

• discrete representation (‘extended massless matter character’):

we define (with the reparameterization j ≡ s/(2K), s ∈ Z)

χ_d^{(NS)}(s, m; τ, z) ≡ { ∑ n∈NZ χd (NS)_s 2K ,^m_{2K} +n(τ, z) m ≡ s (mod 2K)

0 m ≢ s (mod 2K)

(2.14)

where the unitarity condition (2.6) imposes

1 ≤ s ≤ N + 2K − 1 , (s ∈ Z) . (2.15)

The vacuum vectors for χ_d^{(NS)}(s, m = s+2Kr), (−N/2 ≤ r < N/2) are characterized by h = Kr^2 + ( r +^1_2 ) s N , Q = s + 2Kr N , ( 0 ≤ r < N 2 )

h = Kr^2 − ( r +^1_2 ) (N − s) N , Q = s − N + 2Kr N , ( − N 2 ≤ r < 0 ) . (2.16)

– 5 –

• identity representation (‘extended graviton character’):

we define

χ^{(NS)}_0 (m; τ, z) ≡ { ∑ n∈NZ χ (NS) 0,^m_{2K} +n(τ, z) m ∈ 2KZ 0 m ∉ 2KZ (2.17)

The vacua for χ^{(NS)}_0 (m = 2Kr; τ, z), (−N/2 ≤ r < N/2) are given as

h = Q = 0 , (r = 0) , h = Kr^2 N + |r| − 1 2 , Q = 2Kr N + sgn(r) , (r ≠ 0) . (2.18)

The extended characters of other spin structures are defined by the 1/2-spectral flow; χ^{( ~NS)}_∗ (∗, m; τ, z) ≡ e^{−iπ mN} χ^{(NS)}_∗ ( ∗, m; τ, z + 1 2 ) , χ^{(R)}_∗ (∗, m + K; τ, z) ≡ q^{ĉ8} e^{iπĉz} χ^{(NS)}_∗ ( ∗, m; τ, z + τ 2 ) , χ^{(~R)}_∗ (∗, m + K; τ, z) ≡ e^{−iπ mN} q^{ĉ8} e^{iπĉz} χ^{(NS)}_∗ ( ∗, m; τ, z + τ 2 + 1 2 ) . (2.19)

Note that extended characters of discrete and identity representations in R and ~R-sectors take non-zero values only if m ≡ s − K (mod 2K), m ∈ K(2Z + 1), respectively. The quantum numbers of the NS and R vacua are related by

h^{(R)}(∗, m + K) = h^{(NS)}(∗, m + K) + 1 8 ≡ h^{(NS)}(∗, m) + 1 2 Q^{(NS)}(m) + ĉ 8 , Q^{(R)}(m + K) = Q^{(NS)}(m + K) + 1 2 ≡ Q^{(NS)}(m) + ĉ 2 , (2.20)

where h^{(NS)}(∗, m), Q^{(NS)}(m) are those given in (2.13), (2.16) and (2.18). Useful properties of the extended characters (2.12), (2.14) and (2.17) are summarized in appendix C.

The non-compactness of SL(2; R)/ U(1) model leads to an IR divergence in the torus partition function. One may introduce an IR cut-off ϵ and then the regularized partition function contains a piece which consists of continuous representations and also a piece consisting of discrete representations [37]. Since the continuous representations describe string modes propagating in the bulk, their contributions are proportional to the volume of target space V (ϵ), while the discrete representations describe localized string states and their contributions are volume independent.

Leading terms in the infinite volume limit are given by continuous representations [4]; lim ϵ → +0 Z(τ; ϵ) V (ϵ) ∝ (2.21) ∝ 1 2 ∑ σ ∫_∞ 0 dp ∑ w∈2K ∑ n∈N χ_c^{(σ)}(p, Kn + Nw; τ, 0)χ_c^{(σ)}(p, −Kn + Nw; −τ̄ , 0) . Here σ denotes the spin structure and the above partition function is modular invariant. The quantum numbers n, w are identified with the KK momenta and winding modes along the circle of the euclidean cigar geometry with an asymptotic radius √ 2k ≡ √ 2N/K of the SL(2; R)/ U(1)-coset theory [38].

– 6 –

If one considers the ~R-part of the partition function, contributions of continuous representations drop out and only the discrete representations survive. They give rise to a volume-independent finite result. This is nothing but the Witten index;

Z^{(~R)}(τ) = N+K∑ s=K ∑ w∈Z_{2K} ∑ n∈Z_N a(s) χ_d^{(~R)}(s, Kn + Nw; τ, 0)χ_d^{(~R)}(s, −Kn + Nw; −τ̄ , 0) ,

a(s) ≡ 1 K + 1 ≤ s ≤ N + K − 1 1 2 s = K, N + K . (2.22)

It is important to note that the quantum number s runs over the range [4, 5] ; K ≤ s ≤ N + K, (2.23) which is strictly smaller than (2.15) if K ≠ 1 (see also [37]). This range is consistent with the modular transformation formulas (C.13), (C.14).

3. Non-compact cosets coupled to minimal models

Now, we work on the main subject in this paper. Let us study the superconformal system defined as [ L_{N1,K1} ⊗ · · · ⊗ L_{NNL ,KNL} ⊗ M_{k1} ⊗ · · · ⊗ M_{kNM} ] U(1)-projection

, (3.1)

where L_{N,K} denotes the SL(2; R)/ U(1) Kazama-Suzuki model with k = N/K (ĉ = 1 + 2K/N) and M_k denotes the level k N = 2 minimal model with ĉ = k/(k + 2). We impose the criticality condition for the case of target manifold with (complex) dimension n N_M∑

i=1 k_i k_i + 2 + N_L∑

j=1 ( 1 + 2K_j N_j ) = n , n = 2, 3, 4 . (3.2)

Since ĉ > 1 for each SL(2; R)/ U(1)-sector, it is obvious that N_L ≤ n − 1 holds. We expect that the U(1)-charge projection yields consistent superstring vacua describing non-compact CY_n compactifications with d-dimensional Minkowski space (d = 10 − 2n). Note that the periodicity of extended characters depends on the choice of N_j , K_j , not only on the ratio N_j /K_j . We shall thus adopt the notation L_{Nj ,Kj} to indicate which extended characters are used, although only the ratio N_j /K_j parameterizes the SL(2; R)/ U(1) supercoset. For simplicity we here assume that each pair N_j , K_j is relatively prime for every j = 1, . . . , N_L. We set N ≡ L.C.M. {k_i + 2, N_j} , i = 1, · · · , N_M , j = 1, · · · , N_L , (3.3)

and then the required U(1)-projection is reduced to the Z_N-orbifoldization. We introduce the notations μ_i, ν_j ∈ Z_{>0} , N = μ_i(k_i + 2) = ν_jN_j , (3.4)

for later convenience.

– 7 –

3.1 Toroidal partition functions: continuous part of closed string spectra We first analyse the closed string sector. Only the continuous part of closed string spectrum contributes to the modular invariant partition function (per unit volume), and should be interpreted as the propagating modes in the non-compact Calabi-Yau space. More detailed argument has been given in [4] for the case N_L = 1. Let us start by assuming

• diagonal modular invariance in each M_{ki} -sector,

• the partition function (2.21) for each L_{Nj ,Kj} -sector,

before performing the Z_N-orbifoldization. As in the standard treatment of orbifold, the Z_N-projection must be accompanied by the twisted sectors generated by the spectral flows. The integral spectral flows act on each character as the shifts of the angular variable; z → z + aτ + b (a, b ∈ Z_N), and thus the relevant conformal blocks are defined as the flow invariant orbits [29];

F^{(NS)}_{I,p,w}(τ, z) ≡ 1 N ∑ a,b∈Z_N q^{n2 a2} e^{2πinaz} N_M∏

i=1 ch^{(NS)}_{ℓi,mi} (τ, z + aτ + b) ×

× N_L∏

j=1 χ_c^{(NS)}(p_j , K_j n_j + N_j w_j; τ, z + aτ + b) ,

F̃^{(NS)}_{I,p,w}(−τ̄, z̄) ≡ 1 N ∑ a,b∈Z_N q̄^{n2 a2} e^{2πinaz̄} N_M∏

i=1 ch^{(NS)}_{ℓi,mi} (−τ̄, z̄ + aτ̄ + b) × (3.5)

× N_L∏

j=1 χ_c^{(NS)}(p_j , −K_jn_j + N_jw_j ; −τ̄, −z̄ − aτ̄ − b) ≡ F^{(NS)}_{I,p,−w}(−τ̄, z̄) ,

I = ((ℓ_1, m_1), . . . , (ℓ_{NM} , m_{NM} ), n_1, . . . , n_{NL} ) , p = (p_1, . . . , p_{NL} ) , w = (w_1, . . . , w_{NL} ) ,

where ch^{(NS)}_{ℓi,mi} (τ, z) denotes the character of the minimal model M_{ki} and χ_c^{(NS)}(p_j , K_j n_j + N_j w_j ; τ, z) is the extended character (2.12) of the SL(2; R)/ U(1) theory L_{Nj ,Kj} .^1 The summation 1 N ∑ b∈Z_N ∗ imposes the constraint on the U(1)-charge N_M∑

i=1 m_i k_i + 2 + N_L∑

j=1 K_j n_j N_j ∈ Z , (3.6)

and we automatically have F^{(NS)}_∗ ≡ 0 unless (3.6) is satisfied. The conformal blocks of other spin structures are defined by the 1/2-spectral flows;

F^{( ~NS)}_{I,p,w}(τ, z) ≡ F^{(NS)}_{I,p,w} ( τ, z + 1 2 ) , F^{(R)}_{I,p,w}(τ, z) ≡ q^{n8} e^{iπnz}F^{(NS)}_{I,p,w} ( τ, z + τ 2 ) , F^{(~R)}_{I,p,w}(τ, z) ≡ q^{n8} e^{iπnz}F^{(NS)}_{I,p,w} ( τ, z + τ 2 + 1 2 ) . (3.7)

1In the right-moving sector of SL(2; R)/ U(1) theory we have chosen an angular dependence −z̄. This is in order to bring our convention of quantum numbers nj , wj consistent with those given by the cigar geometry of 2-dimensional black hole.

– 8 –

By construction the conformal blocks F^{(σ)}_{I,p,w} have the following symmetry (^∀a,^∀b ∈ Z)

q^{n2 a2} e^{2πinaz}F^{(NS)}_{I,p,w}(τ, z + aτ + b) = F^{(NS)}_{I,p,w}(τ, z) ,

q^{n2 a2} e^{2πinaz}F^{( ~NS)}_{I,p,w}(τ, z + aτ + b) = (−1)^{na}F^{( ~NS)}_{I,p,w}(τ, z) ,

q^{n2 a2} e^{2πinaz}F^{(R)}_{I,p,w}(τ, z + aτ + b) = (−1)^{nb}F^{(R)}_{I,p,w}(τ, z) ,

q^{n2 a2} e^{2πinaz}F^{(~R)}_{I,p,w}(τ, z + aτ + b) = (−1)^{n(a+b)}F^{(~R)}_{I,p,w}(τ, z) , (3.8)

Taking the diagonal modular invariance for the spin structures, we obtain the partition function (as a non-linear σ-model) Z(τ, z) = e^{−2πn (} Im z)^2

τ2 1 2N ∑ σ ∑ I,w ∫ d^{NL} p F^{(σ)}_{I,p,w}(τ, z)F^{(σ)}_{I,p,−w}(−τ̄, z̄) . (3.9)

The overall factor 1/N is necessary to avoid the overcounting of states. One can easily check the modular invariance of this partition function using the modular properties of L_{Nj ,Kj} , M_{ki} given in appendices. A crucial point is the fact that the sum over the spectral flow z → z + aτ + b in (3.5) preserves modular invariance.

Incorporating the flat space-time R^{d−1,1} (with d/2 + n = 5), we also obtain the supersymmetric conformal blocks of superstring vacua 1 τ^{d−24}_2 η(τ)^{d−2} ∑ σ ϵ(σ) ( θ_{[σ]}(τ) η(τ) )^{d−2}_2 F^{(σ)}_{I,p,w}(τ, 0) , (3.10)

where θ_{[σ]} denotes θ_3, θ_4, θ_2, iθ_1 for σ = NS, ~NS, R, ~R respectively, and we set ϵ(NS) = ϵ(~R) = +1, ϵ( ~NS) = ϵ(R) = −1. The conformal blocks (3.10) actually vanish for arbitrary τ [39].

One can choose a large variety of modular invariants as consistent conformal theories. For example, one may take general modular invariants of the types given in [40] with respect to w ∈ Z_{2K1} × · · · × Z_{2KNL} .

It turns out that some of the familiar non-compact Calabi-Yau spaces do not correspond to the simplest choice of modular invariance (3.9) and we have to use a somewhat more non-trivial form of modular invariant. A typical example showing such peculiar feature is the singular CY_3 of A_{n−1}-type (CY_3(A_{n−1})) [30, 20]. The conformal blocks for this model presented in [22] are written (with suitable change of notations) as

F^{(NS)}_{ℓ,w} (τ, z) = ∑ m∈Z_{4n} ch^{(NS)}_{ℓ,m} (τ, z) Θ_{−(n+2)m+2nw,2n(n+2)} ( τ,^z_n ) η(τ) , ℓ + 2w ∈ 2Z , (w ∈ 1 2 Z_{4(n+2)}) , (3.11)

where we omitted the factor depending on the ‘Liouville momentum’ p. These are identified with the branching functions of the coset CFT:

SU(2)_{n−2} × SO(4)_1

U(1)_{n+2}

. At first glance, (3.11) seems to fit with the formulas (3.5) with N = 2n, K = n + 2. However, half-integral values

– 9 – of w are now allowed with the constraint

m + 2w ∈ 2Z . (3.12)

This condition may be interpreted as some kind of orbifoldization, and makes it possible to pair each of the primary states of the minimal model M_{n−2} to those of L_{2n,n+2} so that it yields a physical state with an integral U(1)-charge. As we shall see later, we obtain the expected spectrum of massless states as the singular CY_3 of A_{n−1}-type and the correct open string Witten indices under this condition (3.12). We denote the SL(2; R)/ U(1)-sector defined this way as L^′_{2n,n+2} from now on.

A similar example which we will later study is a model with two Liouville fields N_L = 2 and N_M = 1;

ĉ = 4 , k_1 = n − 2 , N_1 = N_2 = 4n , K_1 = K_2 = n + 2 . (3.13)

It is possible to show that the following conformal blocks give the consistent superstring vacuum; F^{(NS)}_{ℓ,m,mj ,wj ,pj} (τ, z) = 1 4n ∑ a∈Z_{4n} ch^{(NS)}_{ℓ,m−2a}(τ, z) ×

× ∏ j=1,2 { χ_c^{(NS)}_{(4n,n+2)}(p_j , (n + 2)m_j + 4nw_j + 2(n + 2)a; τ, z) +

+ χ_c^{(NS)}_{(4n,n+2)}(p_j , (n+2)(m_j +4n) + 4nw_j +2(n+2)a; τ, z) }

≡ 1 2n ∑ a∈Z_{2n} ch^{(NS)}_{ℓ,m−2a}(τ, z) ×

× ∏ j=1,2 χ_c^{(NS)}_{(2n, n+22 )} ( p_j , n + 2 2 m_j + 2nw_j + (n + 2)a; τ, z )

(if n is even) , (3.14)

with m ∈ Z_{2n} , m_j ∈ Z_{4n} , w_j ∈ 1 4 Z_{4(n+2)} , m_j + 4w_j ∈ 2Z , ∑ j=1,2 (m_j + 4w_j ) ∈ 4Z ,

(3.15) and the U(1)-charge condition

2m + m_1 + m_2 ∈ 2nZ . (3.16)

We here use the notation χ_c^{(∗)}_{(N,K)}(∗, ∗; τ, z) with the parameters N, K written explicitly. By careful calculations it is possible to show that the conformal blocks (3.14) are in fact closed under modular transformations in a manner consistent with the non-trivial restrictions (3.15), (3.16). The coefficients of S-transformation include the factors 1 √ 4n e^{−2πi mj m} ′ j 4n · 1 √ 4(n + 2) e^{2πi} 4wj w′j n+2

– 10 – in each L^′_{4n,n+2}-sector, and we can construct modular invariants in the standard way. Hence this model yields a consistent string vacuum with the choice of spectrum (3.15). We denote the system defined this way as L^′_{4n,n+2}. All the primaries in M_{n−2} can again find partners in two L^′_{4n,n+2}-sectors. We will later identify this vacuum as a non-compact CY_4 with a singular CY_3 fibered over C P^1 .

3.2 Elliptic genera: discrete part of closed string spectra Let us turn to the discrete spectrum in the closed string Hilbert space. It describes localized string excitations and is of basic importance since massless states appear in this sector. A useful quantity that captures the BPS states is the elliptic genus, and we try to evaluate it for general models (3.1). It is basically a generalization of the analysis given in [4] to the case N_L ≥ 1. We consider flow invariant orbits consisting of the discrete characters (2.14) in place of (3.5); G^{(NS)}_{I,s,w}(τ, z) ≡ 1 N ∑ a,b∈Z_N q^{n2 a2} e^{2πinaz} N_M∏

i=1 ch^{(NS)}_{ℓi,mi} (τ, z + aτ + b) ×

× N_L∏

j=1 χ_d^{(NS)}(s_j , K_j n_j + N_jw_j ; τ, z + aτ + b) ,

G̃^{(NS)}_{I,s,w}(−τ̄, z̄) ≡ 1 N ∑ a,b∈Z_N q̄^{n2 a2} e^{2πinaz̄} N_M∏

i=1 ch^{(NS)}_{ℓi,mi} (−τ̄, z̄ + aτ̄ + b) ×

× N_L∏

j=1 χ_d^{(NS)}(s_j , −K_jn_j + N_jw_j ; −τ̄, −z̄ − aτ̄ − b) ≡ G^{(NS)}_{I,^s, ^w}(−τ̄, z̄) , I = ((ℓ_1, m_1), . . . , (ℓ_{NM} , m_{NM} ), n_1, . . . , n_{NL} ) , s = (s_1, . . . , s_{NL} ) , w = (w_1, . . . , w_{NL} ) , ^s = (N_1 + 2K_1 − s_1, . . . , N_{NL} + 2K_{NL} − s_{NL} ) , ^w = (1 − w_1, . . . , 1 − w_{NL} ) , (3.17)

Recall the charge conjugation relations (C.7) to derive the last equality. In the limit z → 0 we obtain the Witten index

lim_{z → 0} G^{(~R)}_{I,s,w}(τ, z) ≡ I_{I,s,w} , (3.18)

which can be evaluated by using the formulas (B.16) and (C.4). The elliptic genus is then written as Z(τ, z) = 1 N ∑ I,s,w a(s)I_{I,^s, ^w}G^{(~R)}_{I,s,w}(τ, z) , (3.19)

where we set

a(s) = N_L∏

j=1 a(s_j) , a(s_j) =

1 K_j + 1 ≤ s_j ≤ N_j + K_j − 1 1 2 s_j = K_j , N_j + K_j .

(3.20)

– 11 –

In the cases of CY_3 (n = 3) the elliptic genera are shown to have a particularly simple form; Z(τ, z) = χ 2 θ_1(τ, 2z) θ_1(τ, z) , (3.21) χ = 1 N ∑ I,s,w a(s)I_{I,s,w}I_{I,^s, ^w} . (3.22)

Let us next try to exhibit more explicit forms of elliptic genera. To this end it is useful to recall the formula of elliptic genus of minimal model [41]

Z_k(τ, z) = k∑ ℓ=0 ch^{(~R)}_{ℓ,ℓ+1}(τ, z) = − k∑ ℓ=0 ch^{(~R)}_{ℓ,−(ℓ+1)}(τ, z) = θ_1(τ,^{k+1}_{k+2} z) θ_1(τ,^1_{k+2} z)

. (3.23)

The corresponding formula for the L_{N,K} -sector is written as [4]^2

Z_{N,K} (τ, z) ≡ N+K∑ s=K a(s)χ_d^{(~R)}(s, s − K; τ, z) ≡ [ K_{2NK} ( τ, z N , 0 ) − 1 2 Θ_{0,NK} ( τ, 2z N )] iθ_1(τ, z) η(τ)^3

, (3.24)

where K_ℓ(τ, ν, μ) is the level ℓ Appell function [33, 34] defined by K_ℓ(τ, ν, μ) ≡ ∑ m∈Z e^{iπm2 ℓτ +2πimℓν} 1 − e^{2πi(ν+μ+mτ )} . (3.25)

The following identity is quite useful; N+K−1 ∑ s=K e^{2πi (s−K)bN} χ_d^{(~R)}(s, s − K + 2Ka; τ, z) = = q^{KN a2} y^{2KN a} K_{2NK} ( τ, z + aτ + b N , 0 ) iθ_1(τ, z) η(τ)^3

, (a, b ∈ Z_N) , (3.26)

or conversely, χ_d^{(~R)}(s, s − K + 2Ka; τ, z) = = 1 N ∑ b∈Z_N e^{−2πi (s−K)bN} q^{KN a2} y^{2KN a} K_{2NK} ( τ, z + aτ + b N , 0 ) iθ_1(τ, z) η(τ)^3 , (a ∈ Z_N, K ≤ s ≤ N + K − 1) . (3.27)

One may regard these relations as non-compact analogue of the formula (3.23). More details on the relation between extended characters and Appell functions are discussed in appendix E.

2Overall sign is opposite to that of [4].

– 12 –

Our goal is to derive the “orbifold forms” of elliptic genera like those given in [42]. To this end we have to slightly modify (3.24) except for the cases of N_M = N_L = 1 treated in [4], so as to correctly reproduce (3.19). We define ^Z_{N,K} (τ, z) ≡ N+K∑ s=K a(s)χ_d^{(~R)}(s, s − K − 2Kn(s); τ, z)

≡ [ 1 N N+K−1 ∑ s=K ∑ b∈Z_N e^{−2πi (s−K)bN} q^{KN n(s)2} y^{− 2KN n(s)} K_{2NK} ( τ, z − n(s)τ + b N , 0 ) −

− 1 2 Θ_{0,NK} ( τ, 2z N )] iθ_1(τ, z) η(τ)^3

, (3.28)

where n(s) is defined uniquely by the condition

Kn(s) ≡ s − K (mod N) , n(s) ∈ Z_N . (3.29)

(This is well-defined for each s, since we are assuming that N and K are relatively prime.) In the special case K = 1, we simply have n(s) = s − 1. The elliptic genus (3.19) is now rewritten as the orbifold form; Z(τ, z) = 1 N ∑ a,b∈Z_N (−1)^{(NM +NL)(a+b)}q^{n2 a2} y^{na} ×

× N_M∏

i=1 Z_{ki} (τ, z + aτ + b) N_L∏

j=1 ^Z_{Nj ,Kj} (τ, z + aτ + b) . (3.30) For example, in the case of compactification on ALE(A_{n−1}) spaces (i.e. N_M = N_L = 1, k = n − 2, N = n, K = 1), the formula (3.30) is reduced to Z_{ALE(An−1)}(τ, z) = n−2∑ ℓ=0 ∑ r∈Z_n ch^{(~R)}_{ℓ,ℓ+1−2r}(τ, z) χ_d^{(~R)}(ℓ + 2, ℓ + 3 − 2(ℓ + 2) + 2r; τ, z)

= n−2∑ ℓ=0 ∑ r∈Z_n ch^{(~R)}_{ℓ,−(ℓ+1)−2r}(τ, z) χ_d^{(~R)}(ℓ + 2, ℓ + 1 + 2r; τ, z) , (3.31)

which reproduces the one given in [4].

3.3 Massless closed string spectra It is an important task to analyze the massless closed string spectrum. We can solve this problem in a similar manner as in the compact Gepner models, since we have already constructed the conformal blocks in closed string sector. Massless states correspond to the (anti-) chiral primary states of conformal weights h = h̃ = 1/2. As we discuss below, basic aspects of massless spectra in the non-compact models are summarized as follows:

• In the cases of ĉ ≠ 2, there exists at most one chiral primary of the (a, c) (or (c, a))- type with h = h̃ = 1/2 in each spectral flow orbit (3.17), and none of the (c, c) (or (a, a))-type exist.^3

3Of course, in mirror models where LN_j ,K_j -sectors are realized by N = 2 Liouville theories, the situation is reversed: no chiral primaries of (c, a) and (a, c)-types exist, while (c, c) and (a, a)-types are possible.

– 13 –

• In the cases of ĉ = 2, we have at most a quartet of the (c, c), (a, a), (c, a) and (a, c)-type primaries with h = h̃ = 1/2 in each spectral flow orbit.

This fact implies that at our non-compact Gepner points for CY_3 or CY_4 moduli space there exist only the deformations of Kähler structure but not the deformations of complex structure. On the other hand, in the case of K3 surfaces ĉ = 2 the superconformal symmetry is extended to N = 4 and the above massless states compose the spin (1/2,1/2) representation of SU(2)_L × SU(2)_R of the N = 4 SCA. From the space-time point of view the quartet corresponds to a scalar (tensor)-multiplet of (1, 1) ((2, 0)) SUSY in 6 dimensions.

Let us consider the (a, c)-type massless states: the analysis for the (c, a)-type is parallel. We start with working on the left-moving sectors. The anti-chiral states are described by the conditions;

M_{ki} -sector:

m_i = −ℓ_i , (0 ≤ ℓ_i ≤ k_i) , U(1)-charge Q_i = − ℓ_i k_i + 2

, (3.32) L_{Nj ,Kj} -sector:

s_j = K_j n_j + N_jw_j + 2K_j , (K_j ≤ s_j ≤ N_j + K_j ) , m_j = K_j n_j + N_j w_j ,

U(1)-charge Q_j =

K_jn_j + N_jw_j − N_j N_j , (3.33)

and we must impose − ∑ i ℓ_i k_i + 2 + ∑ j K_j n_j + N_j w_j − N_j N_j = −1 . (3.34)

We now recall the left-right pairing of states in our construction is given as (see (3.17));

left-moving right-moving (ℓ_i, m_i) ⇐⇒ (ℓ̃_i = ℓ_i, m̃_i = m_i) (s_j, m_j = K_j n_j + N_j w_j) ⇐⇒ (s̃_j = N_j + 2K_j − s_j, m̃_j = K_j n_j − N_j w_j + N_j)

(3.35)

Thus before applying the spectral flow the right-moving state corresponding to (3.32), (3.33) has the following quantum numbers

(ℓ̃_i, m̃_i) = (ℓ_i, −ℓ_i) , (s̃_j , m̃_j) = (−K_j n_j − N_j w_j + N_j , K_j n_j − N_j w_j + N_j ) . (3.36)

They have the total U(1)-charge − ∑ i ℓ_i k_i + 2 + ∑ j K_j n_j − N_j w_j + N_j N_j , (3.37)

which is integer because of the constraint (3.34).

Now, we look for chiral or anti-chiral primaries with h̃ = 1/2 in the orbit of spectral flow starting from the states (3.36). The flow z̄ → z̄ + τ̄ acts on the quantum numbers as

m̃_i −→ m̃_i − 2 , m̃_j −→ m̃_j + 2K_j , (3.38)

– 14 – and it has periodicities k_i + 2 and N_j respectively in the M_{ki} and L_{Nj ,Kj} -sectors. We find that only the orbits satisfying the condition ∃r ∈ Z_N , s.t. { ℓ_i ≡ r (mod k_i + 2) ,^∀i n_j ≡ r (mod N_j ) ,^∀j

(3.39)

contains a (unique) chiral state with the total U(1)-charge Q_{tot} = 1;

(ℓ̃_i, m̃_i) = (ℓ_i, ℓ_i) , (s̃_j, m̃_j ) = (−K_j n_j +N_j (1−w_j ), −K_j n_j +N_j (1−w_j )) , (^∀i,^∀j) . (3.40)

It also contains a (unique) anti-chiral state with Q_{tot} = 1 − ĉ;

(ℓ̃_i, m̃_i) = (ℓ_i, ℓ_i + 2) ∼= (k_i − ℓ_i, ℓ_i − k_i) , (s̃_j , m̃_j) = (−K_j n_j + N_j(1 − w_j ), −K_j (n_j + 2) + N_j(1 − w_j )) , (^∀i,^∀j) . (3.41)

In fact, (3.40), (3.41) are generated by the spectral flows z̄ → z̄ − rτ̄, z̄ → z̄ − (r + 1)τ̄ from (3.36) respectively if (3.39) holds. Note that in the cases of ĉ = 3, 4 only (3.40) yields a massless state, while both of (3.40), (3.41) become massless states at ĉ = 2.

Therefore, the spectrum of massless closed string states is given by the solutions (ℓ_i, n_j, w_j ) (0 ≤ ℓ_i ≤ k_i, n_j ∈ Z_{Nj} , w_j ∈ Z_{2Kj} ) of the constraints ∑ i ℓ_i k_i + 2 − ∑ j K_j n_j N_j = 1 + ∑ j (w_j − 1) , (3.42)

−K_j ≤ K_j n_j + N_j w_j ≤ N_j − K_j , (3.43)

as well as (3.39). The second condition (3.43) follows from the constraint K_j ≤ s_j ≤ N_j + K_j. Obviously, the counting of (c, a)-type chiral states can be carried out in the same way, yielding the equal number of massless states. We have thus shown the characteristic feature of massless states announced before.

We now present concrete examples that have clear geometrical interpretations. 1. Cases of one Liouville field N_L = 1:

We first present examples with N_M = N_L = 1. The condition (3.39) simply yields ℓ_1 = n_1(≡ ℓ) in these cases.

1.1. ALE(A_{n−1}): M_{n−2} ⊗ L_{n,1} In this case the constraint (3.42) simply gives w_1 = 0, and (3.43) is equivalent with −1 ≤ ℓ ≤ n − 1 . (3.44)

We thus conclude that each (anti-)chiral primary state in the range 0 ≤ ℓ ≤ n − 2 in M_{n−2} can be paired up to massless states of the types of (c, c), (a, a), (c, a) and (a, c)-types of M_{n−2} ⊗ L_{n,1} theory.

1.2. CY_4 (A_{n−1}): M_{n−2} ⊗ L_{n,n+1} The condition (3.42) is solved as

ℓ = −w_1 , w_1 ∈ Z_{2(n+1)} . (3.45)

– 15 –

(3.43) then gives −(n + 1) ≤ ℓ ≤ −1 , (3.46)

which has no solution in the range 0 ≤ ℓ ≤ n − 2. Therefore, we have no massless states in this case.

1.3. CY_3 (A_{n−1}): M_{n−2} ⊗ L^′_{2n,n+2} This case is non-trivial. We have N_1 = 2n, K_1 = n+2, which are not necessarily relatively prime. As addressed before, we must allow the half-integral winding numbers w_1, and impose the constraint n_1 + 2w_1 ∈ 2Z. The constraint (3.42) now leads to

ℓ = −2w_1 , { w_1 ∈ Z_{2(n+1)} ℓ : even w_1 ∈^1_2 + Z_{2(n+1)} ℓ : odd

(3.47)

and (3.43) gives −(n + 2) ≤ 2ℓ ≤ n − 2 . (3.48)

We thus find that the (anti-)chiral states in M_{n−2} with ℓ = 0, 1, . . . , [ n − 2 2 ] (3.49)

produce massless states of the (c, a) and (a, c)-types.

As already mentioned in [4], these aspects of massless states in the above three examples are consistent with the spectra of normalizable chiral operators describing the moduli of vacua discussed in [30, 20, 21]. Especially, the third example correctly reproduces the spectrum of scaling operators in the N = 2 SCF T_4 of Argyres-Douglas points [43]. We also point out that the massless spectra here are consistent with the ones deduced from the “LSZ poles” in correlation functions presented in [44]. 2. Cases of two Liouville fields N_L = 2:

2.1. ĉ = 3, M_{n−2} ⊗ L_{2n,1} ⊗ L_{2n,1}: The criticality condition is satisfied as

ĉ = n − 2 n + ( 1 + 1 n ) + ( 1 + 1 n ) = 3 . (3.50)

This type of superconformal system has been first studied in [23] and proposed to be the superstring vacuum corresponding to the Seiberg-Witten theory with SU(n) gauge group without matter in the low energy regime. Geometrically the theory is supposed to describe space-time of the ALE(A_{n−1})-fibration over C P^1 , or the n NS5-branes wrapped around C P^1 in the T-dual picture. We have two possibilities of satisfying (3.39);

(i) ℓ_1 = n_1 = n_2 ≡ r, 0 ≤ r ≤ n − 2,

(ii) ℓ_1 + n = n_1 = n_2 ≡ r, n ≤ r ≤ 2n − 2.

– 16 –

In the case (i), (3.42) gives w_1 + w_2 = 1, and (3.43) leads to

−1 ≤ r + 2nw_i ≤ 2n − 1 , (i = 1, 2) . (3.51)

There are no solutions to these constraints.

In the case (ii), (3.42) gives w_1 + w_2 = 0. If (and only if) we set w_1 = w_2 = 0, (3.51) are satisfied for arbitrary n ≤ r ≤ 2n − 2. We thus find that

ℓ_1 = 0, 1, . . . , n − 2 , n_1 = n_2 = ℓ_1 + n , w_1 = w_2 = 0 , ⇐⇒ massless states . (3.52) The (c, a)-type chiral fields also gives the equal number of massless states. These are identified as the moduli u_2, . . . , u_n in the SU(n) SW theory. Especially, the marginal deformation for ℓ = 0 corresponds to the size of base C P^1 as suggested in [26].

2.2. ĉ = 3, M_{n−2} ⊗ L_{nμ,K1} ⊗ L_{nμ,K2} , K_1 + K_2 = μ, G.C.D{K_i} = 1: This is a natural generalization of the example 2.1. The criticality condition is satisfied as ĉ ≡ ( 1 − 2 n ) + ( 1 + 2K_1 N_1 ) + ( 1 + 2K_2 N_2 ) = 3 + 2 N (−μ + K_1 + K_2) = 3 . (3.53)

In this case, using the relation K_1 + K_2 = μ, we again obtain

ℓ_1 = 0, 1, . . . , n − 2 , n_1 = n_2 = ℓ_1 + n , w_1 = w_2 = 0 , ⇐⇒ massless states . (3.54) This type of string vacua are identified as the non-compact CY_3 with the structure of ALE(A_{n−1})-fibration over the weighted projective space W C P^1 [K_1, K_2].

2.3. ĉ = 4, M_{n−2} ⊗ L^′_{4n,n+2} ⊗ L^′_{4n,n+2}: We next consider a more subtle example. The criticality condition is satisfied as

ĉ = n − 2 n + ( 1 + n + 2 2n ) + ( 1 + n + 2 2n ) = 4 . (3.55)

Similarly to the case of CY_3(A_{n−1}), we have to allow w_j ∈ 1 4 Z and assume (3.15) in each of L^′_{4n,n+2}-sector in order to obtain the expected spectrum. As in the example 2.1, massless states are possible only for

ℓ_1 + n = n_1 = n_2 = r , 0 ≤ r ≤ 2n − 2 , r + 4w_i = 0 , (3.56)

and (3.43) gives us ℓ = 0, 1, . . . , [ n − 2 2 ] ⇐⇒ massless states . (3.57)

This spectrum is the same as CY_3 (A_{n−1}). We propose that this model is identified as CY_3(A_{n−1})-fibration on C P^1 .

The generalizations similar to the example 2.2 are straightforward; M_{n−2}⊗ L^′_{2nμ,K1(n+2)} ⊗ L^′_{2nμ,K2(n+2)}, K_1 + K_2 = μ, G.C.D{K_i} = 1. It is expected that it describes the CY_3(A_{n−1})-fibration over W C P^1 [K_1, K_2] and we again obtain the same massless spectrum (3.49).

– 17 –

3. Cases of three Liouville fields N_L = 3:

The ĉ = 4 vacua are the only possibility for these cases.

3.1. M_{n−2} ⊗ L_{3n,1} ⊗ L_{3n,1} ⊗ L_{3n,1}: The criticality condition is satisfied as

ĉ = n − 2 n + 3 × ( 1 + 2 3n ) = 4 . (3.58)

The massless states are possible only for

ℓ_1 + 2n = n_1 = n_2 = n_3 = r , 2n ≤ r ≤ 3n − 2 , w_1 = w_2 = w_3 = 0 . (3.59)

(3.43) gives us ℓ_1 = 0, 1, . . . , n − 2 ⇐⇒ massless states , (3.60)

which is the same spectrum as that of ALE(A_{n−1}). However, we can only have the (a, c) and (c, a)-type massless chiral states contrary to the ALE case. This model is identified as the ALE(A_{n−1})-fibration over C P^2 [26].

The generalization similar to the example 2.2 is also easy; M_{n−2} ⊗ L_{nμ,K1} ⊗ L_{nμ,K2} ⊗ L_{nμ,K3} , K_1 + K_2 + K_3 = μ, G.C.D{K_i} = 1. This model is identified as the ALE(A_{n−1})-fibration over W C P^2 [K_1, K_2, K_3] and we again obtain the same massless spectrum (3.60).

3.4 Notes on geometrical interpretations

Let us here clarify our geometrical interpretation of the string vacua considered above as non-compact Calabi-Yau spaces. We first recall the familiar CY/LG correspondence:

X^{r1}_1 + · · · + X^{rn+2}_{n+2} = 0 , in W C P_{n+1} [ 1 r_1 , . . . , 1 r_{n+2} ] , (3.61)

defines a Calabi-Yau n-fold if n+2∑ i=1 1 r_i = 1, and is equivalent to the LG orbifold defined by

the superpotential W (X_i) ≡ X^{r1}_1 + · · · + X^{rn+2}_{n+2} , where X_i denotes the chiral superfields. If some of r_i are negative, the corresponding Calabi-Yau space becomes non-compact. In fact, such LG interpretation was the starting point for the CFT descriptions of non-compact Calabi-Yau spaces [17, 18, 20, 23], and was further refined from the viewpoints of mirror symmetry in [26].

As an illustration, we consider the example 2.1: ĉ = 3, M_{n−2} ⊗ L_{2n,1} ⊗ L_{2n,1}. The corresponding LG model is given as [23]

W = X^n + Y^{−2n}_1 + Y^{−2n}_2 , (3.62)

which describes the non-compact CY space

X^n + Y^{−2n}_1 + Y^{−2n}_2 + w^2_1 + w^2 = 0 , in W C P^4 [2, −1, −1, n, n] . (3.63)

– 18 –

This formula has structure of the ALE(A_{n−1})-fibration over C P^1 . Following [20], one may rewrite (3.62) as the Liouville form;^4 W = X^n + e^{− 1Q X1} + e^{− 1Q X2} , (3.64) where we set Q = √ 1/n. This realization amounts to expressing the L_{2n,1}-sectors as the N = 2 Liouville theories, and the linear dilaton is given by Φ = − Q 2 Re (X_1 + X_2) . (3.65) Equivalently, one may rewrite it as W = X^n + e^{−nZ}(e^Y + e^{−Y}), (3.66) where we set X_1 = nQZ + QY, X_2 = nQZ − QY. In this parameterization the linear dilaton is along the Z-direction;

Φ = −Re Z . (3.67) One can directly recover the geometry of ALE(A_{n−1})-fibration over C P^1 ; e^Y + e^{−Y} + X^n + w^2_1 + w^2 = 0 , (3.68) by integrating out the chiral superfield Z (with the rescaling X → e^{−Z}X) [26].

Similarly, the example 3.1: ĉ = 4, M_{n−2} ⊗ L_{3n,1} ⊗ L_{3n,1} ⊗ L_{3n,1} can be identified as the LG theory with W = X^n + e^{−nZ}(e^{Y1} + e^{Y2} + e^{−Y1−Y2} ) , (3.69) where we have again the linear dilaton Φ = −Re Z. This model is shown to describe the ALE(A_{n−1}) fibration over C P^2 [26].

Other examples are also identified in a similar manner, leading to the geometrical interpretations mentioned above. For instance, the model 2.2: ĉ = 3, M_{n−2} ⊗ L_{nμ,K1} ⊗ L_{nμ,K2} (K_1 + K_2 = μ) is identified with the LG theory with W = X^n + e^{−nZ}(e^{Y/K1} + e^{−Y/K2} ) , Φ = −Re Z . (3.70) It corresponds to the non-compact Calabi-Yau geometry e^{Y /K1} + e^{−Y /K2} + X^n + w^2_1 + w^2 = 0 , (3.71) which has the structure of ALE(A_{n−1})-fibration over W C P^1 [K_1, K_2].

4Here we absorbed the cosmological constants μ1, μ2 by shifting zero-modes of X1, X2.

– 19 –

4. D-branes in non-compact models

4.1 Cardy states for compact BPS D-branes We next study the open string sectors in the non-compact Gepner models. It is well-known that the N = 2 superconformal symmetry allows two types of boundary conditions [45];^5

A-type : (J_n − J̃_{−n})|B⟩ = 0 , (G^±_r − iG̃^∓_{−r})|B⟩ = 0 , (4.1) B-type : (J_n + J̃_{−n})|B⟩ = 0 , (G^±_r − iG̃^±_{−r})|B⟩ = 0 , (4.2)

which are compatible with the N = 1 superconformal symmetry (L_n − L̃_{−n})|B⟩ = 0 , (G_r − iG̃_{−r})|B⟩ = 0 , (4.3) where G = G^+ + G^− is the N = 1 supercurrent. In the following we shall concentrate on the BPS D-branes with compact world-volumes, which play the fundamental role in the non-compact Calabi-Yau manifolds. Compact branes in L_{Nj ,Kj} -sectors are described by the ‘class 1’ Cardy states in the classification of [1], namely, the ones associated to the extended graviton representations. It can be shown that the consistency with the left-right pairing of the closed string spectrum (3.35) allows only the B-type boundary condition for these compact branes [46, 6, 8].

We will begin our analysis by summarizing characteristic aspects of boundary states in each sector.^6 We assume in the following that all the Ishibashi states satisfy the B-type boundary condition.

1. minimal sector M_k: (see e.g. [47])

Let |ℓ, m⟩⟩^{(NS)} (|ℓ, m⟩⟩^{(R)}) be the Ishibashi states in the NS (R) sector characterized by the orthogonality condition (σ = NS, R) (σ)⟨⟨ℓ, m|e^{−πT H(c)} e^{2πizJ0} | |ℓ^′, m^′⟩⟩^{(σ′ )} = = ϵ_σδ_{σ,σ}′ ( δ_{ℓ,ℓ}′ δ_{m,m}′ + δ_{ℓ,k−ℓ}′ δ_{m,m}′_{+k+2} ) ch^{(σ)}_{ℓ,m}(iT, z) , (4.4)

where H^{(c)} = L_0 + L̃_0 −^c_{12} is the closed string hamiltonian and ch^{(NS)}_{ℓ,m} (τ, z) (ch^{(R)}_{ℓ,m}(τ, z)) denotes the NS (R) character of the N = 2 minimal model for the primary field with h = ℓ(ℓ + 2) − m^2

4(k + 2)

, Q = m k + 2

(h = ℓ(ℓ + 2) − m^2 4(k + 2) + 1 8 , Q = m k + 2 ± 1 2 ). (See appendix B.)

We have introduced an extra phase factor ϵ_σ = +1, −1 for σ = NS, R respectively for convenience in imposing the GSO projection for supersymmetric D-branes. We also set |ℓ, m⟩⟩^{(NS)} = 0 (|ℓ, m⟩⟩^{(R)} = 0), if ℓ + m ∈ 2Z + 1 (ℓ + m ∈ 2Z). The Cardy states are expressed as follows (σ = NS, or R , and we set L + M ∈ 2Z); |L, M⟩^{(σ)} = k∑ ℓ=0 ∑ m∈Z_{2(k+2)} C_{L,M} (ℓ, m)|ℓ, m⟩⟩^{(σ)} , C_{L,M} (ℓ, m) = S^{L,M}_{ℓ,m} √ S^{0,0}_{ℓ,m} , (4.5)

where S^{ℓ,m}_{ℓ′,m′} is the modular coefficients of ch^{(NS)}_{ℓ,m} (τ, z) (B.12).

5A slightly different convention is often used in literature; A-type brane, for instance, is defined by (G^±_r − iηG̃^∓_{−r} )|B; η⟩ = 0 , (η = ±1) . The relation to our convention is given by |B; +1⟩ = |B⟩ , |B; −1⟩ = (−1)^{FR} |B⟩ . 6Here we use notations slightly different from [1].

– 20 –

2. SL(2; R)/ U(1)-sector L_{N,K} :

The relevant formulas of boundary states in this sector are given in [1]. The (B-type) Ishibashi states corresponding to continuous and discrete representations are characterized by the relations (σ) c ⟨⟨p, m|e^{−πT H(c)} e^{2πizJ0} | |p^′, m^′⟩⟩_c^{(σ′)} = ϵ_σδ_{σ,σ′} δ^{(2NK)}_{m,m′} δ(p − p^′) χ_c^{(σ)}(p, m; iT, z) , (p, p^′ > 0) , (4.6) (σ) d ⟨⟨s, m|e^{−πT H(c)} e^{2πizJ0} | |s^′, m^′⟩⟩_d^{(σ′)} = ϵ_σδ_{σ,σ′} δ^{(2NK)}_{m,m′} δ_{s,s′} χ_d^{(σ)}(s, m; iT, z) , (4.7) where the range of s is K + 1 ≤ s ≤ N + K − 1. We need not introduce Ishibashi states at the boundary s = K, N + K as is discussed in [1]. We here set

|s, m⟩⟩_d^{(NS)} = 0 , unless s − m ∈ 2KZ , |s, m⟩⟩_d^{(R)} = 0 , unless s − m ∈ K(2Z + 1) . (4.8) The Cardy states necessary for our analysis are the class 1 states given in [1] (R ∈ Z_N);^7 |R⟩^{(σ)} = N+K−1 ∑ s=K+1 ∑ m∈Z_{2NK} C^{(σ)}_R (s, m)|s, m⟩⟩_d^{(σ)} + + ∑ m∈Z_{2NK} ∫_∞ 0 dp Ψ^{(σ)}_R (p, m)|p, m⟩⟩_c^{(σ)} , (4.9)

C^{(NS)}_R (s, m) = C^{(R)}_R (s, m) = ( 2 N )_{1/2} e^{−2πi RmN} √ sin ( π(s − K) N ) , (4.10)

Ψ^{(σ)}_R (p, m) = ( 2^3K N^3 )_{1/4} e^{−2πi RmN} ×

× Γ ( 1 2 +^{m−ν(σ)K}_{2K} + i √_N 2K p ) Γ ( 1 2 −^{m−ν(σ)K}_{2K} + i √_N 2K p )

Γ ( i √_{2K} N p ) Γ(1 + i √_{2N} K p) , (4.11)

where the symbol ν(σ) means ν(NS) = 0, ν(R) = 1. Cylinder amplitudes of the class 1 Cardy states produce characters of identity representations;

e^{πĉ z2T} ·^{(NS)}⟨R|e^{−πT H(c)} e^{2πizJ0} |R^′⟩^{(NS)} = χ^{(NS)}_0 (2K(R^′ − R); it, z^′) , (4.12)

e^{πĉ z2T} ·^{(R)}⟨R|e^{−πT H(c)} e^{2πizJ0} |R^′⟩^{(R)} = χ^{( ~NS)}_0 (2K(R^′ − R); it, z^′) , (4.13) ( T ≡ 1 t , z^′ = −itz ) . The desired Cardy states for our non-compact Gepner model (3.1) should be constructed as |B; {L_i, M_i}, {R_i}; ±⟩ = |B; {L_i, M_i}, {R_i}⟩^{(NS)} ± |B; {L_i, M_i}, {R_i}⟩^{(R)} , 7Recall that our closed string Hilbert space for the LN,K -piece includes the twisted sectors generated by spectral flows unlike the ‘cigar CFT’ given in [46, 6, 8]. Note that the D0-brane of cigar CFT corresponds to the boundary state ∑ R∈Z_N |R⟩^{(σ)} in our notation, where the summation over R ∈ Z^N eliminates the twisted sectors.

– 21 –

|B; {L_i, M_i}, {R_i}⟩^{(σ)} = N P_{closed} ∏ i |L_i, M_i⟩^{(σ)} ⊗ ∏ j |R_j ⟩^{(σ)} . (4.14)

In the first equation ± refers to branes and anti-branes, respectively. N is an overall normalization constant determined by the Cardy condition (its explicit value is not important for our analysis), and P_{closed} means the projection to the closed string Hilbert space determined in our previous analysis. Namely, P_{closed} imposes the following two constraints on the Ishibashi states |ℓ_i, m_i⟩⟩^{(σ)}, |p_j, K_j n_j + N_j w_j ⟩⟩_c^{(σ)}, and |s_j, K_j n_j + N_j w_j ⟩⟩_d^{(σ)};

• Integrality of the total U(1)-charge in the NS-sector; ∑ i m_i k_i + 2 + ∑ j K_jn_j N_j ∈ Z . (4.15)

• The consistency with the B-type boundary condition, which gives essentially the same condition as (3.39);

∃r ∈ Z_N s.t. m_i ≡ −r (mod k_i + 2) , n_j ≡ r (mod N_j ) , (^∀i,^∀j) . (4.16)

(4.16) is derived as follows; due to the left-right pairing in our construction (3.35) a typical state in the closed string spectrum has the form

|ℓ_i, m_i⟩ ⊗ |ℓ̃_i = ℓ_i, m̃_i = m_i⟩ : in the M_{ki} -sector, |s_j, m_j = K_j n_j + N_jw_j ⟩ ⊗ |s̃_j = N_j + 2K_j − s_j, m̃_j = K_j n_j − N_j w_j + N_j ⟩ : in the L_{Nj ,Kj} -sector .

(4.17)

Corresponding B-type boundary state has the quantum numbers as |ℓ_i, m_i⟩ ⊗ |ℓ̃_i = ℓ_i, m̃_i = −m_i⟩, |s_j, m_j = K_j n_j + N_j w_j⟩ ⊗ |s̃_j = N_j + 2K_j − s_j, m̃_j = −K_j n_j − N_j w_j + N_j ⟩.

(4.18)

(4.18) can be obtained from (4.17) by spectral flow in the right moving sector if (4.16) is obeyed. Analysis of massive Ishibashi states is similar.

Because of the second constraint (4.16), the Cardy states actually depends only on the sum of labels M ≡ ∑ i μ_iM_i + 2 ∑ j ν_jK_j R_j ∈ Z_{2N} , (4.19)

and thus we shall write them as |B; {L_i}, M; ±⟩, |B; {L_i}, M⟩^{(σ)} from here on.

It is now possible to count the numbers of compact D-branes and compare them with those of massless states in the models with N_M = 1, 1 ≤ N_L ≤ 3. See table 1. We note that some of the D-branes (cycles) do not have corresponding massless states and thus the number of D-brane exceed those of massless moduli. This is because the “would be” moduli which are non-normalizable in the non-compact geometry do not appear as massless states in the closed string spectrum.

– 22 –

Models Geometric Identification No. of massless No. of basic states vanishing cycles Mn−2 ⊗ Ln,1 ALE (An−1) n − 1 n Mn−2 ⊗ L′2n,n+2 CY3 (An−1) [ n−2 2 ] + 1 n Mn−2 ⊗ Ln,n+1 CY4 (An−1) 0 n Mn−2 ⊗ L2n,1 ⊗ L2n,1 ALE (An−1) fibration over CP 1 n − 1 2n Mn−2 ⊗ Lnμ,K1 ⊗ Lnμ,K2 , ALE (An−1) fibration K1 + K2 = μ, G.C.D{Ki} = 1 over W CP 1 [K1, K2] n − 1 μn Mn−2 ⊗ L′4n,n+2 ⊗ L′4n,n+2 CY3 (An−1) fibration over CP 1 [ n−2 2 ] + 1 2n Mn−2 ⊗ L′2nμ,K 1 (n+2) ⊗ L′2nμ,K 2 (n+2)

, CY3 (An−1) fibration K1 + K2 = μ, G.C.D{Ki} = 1 over W CP 1 [K1, K2] [ n−2 2 ] + 1 μn Mn−2 ⊗ L3n,1 ⊗ L3n,1 ⊗ L3n,1 ALE (An−1) fibration over CP 2 n − 1 3n Mn−2 ⊗ Lnμ,K1 ⊗ Lnμ,K2 ⊗ Lnμ,K3 , ALE (An−1) fibration K1 + K2 + K3 = μ, G.C.D{Ki} = 1 over W CP 2 [K1, K2 , K3 ] n − 1 μn

Table 1: Spectra of compact BPS branes and closed string massless states. (“No. of basic vanishing cycles” means the number of compact BPS branes |B; L, M⟩ with L = 0. They are not necessarily homologically independent. Generic cycles with L ≠ 0 are expressed as superpositions of the basic ones.)

For the sake of later use let us derive the ‘charge integrality’ condition for the Rsector. This is obtained from (4.15) by a 1/2-spectral flow: first, U(1)-charges of M_{Ki} and L_{Nj ,Kj} -sectors are shifted under the flow as m_i k_i + 2 =⇒ 1 2 + m^′_i k_i + 2

, (m^′_i ≡ m_i − 1) (4.20) K_j n_j N_j =⇒ 1 2 + K_j n^′_j N_j , (n^′_j ≡ n_j + 1) . (4.21)

At the same time total U(1)-charge gets shifted by ĉ/2. Thus the condition for charge integrality in R-sector becomes m^′_i k_i + 2 + K_j n^′_j N_j ∈ Z + γ 2 , (4.22)

where γ is defined as γ = ĉ − (N_M + N_L) . (4.23) As it turns out, our models have different characteristics depending on the even-oddness of the parameter γ.

A comment on the ĉ = 2 case: since we showed that the (c, c) and (a, a)-type chiral primaries exist in the ĉ = 2 case, one may suppose that the A-type compact branes also exist in ĉ = 2 theory. However, this is not the case. In fact, the (a, a)-type chiral primary states (3.41) contains in each M_{ki} -sector a state of the type

(ℓ_i, −ℓ_i)_L ⊗ (k_i − ℓ_i, ℓ_i − k_i)_R . (4.24)

Thus we cannot define the A-type Ishibashi state except for the special case ℓ_i = k_i/2. Therefore, generic ĉ = 2 theories do not have sufficient number of A-type Ishibashi states for constructing compact A-branes.

Strictly speaking, there is an exception; L_{2,1} (with no M_k factor), which corresponds to the Eguchi-Hanson space topologically equivalent with T^∗S^2. In this case we can construct the A-type boundary state |B; O⟩_A for compact brane as well as the B-type |B; O⟩_B, both

– 23 – of which are associated to the N = 4 massless character of ℓ = 0 [48]. This fact seems to contradict with the geometrical interpretation, since only one cycle ∼= S^2 exists in the Eguchi-Hanson space. However, this apparent puzzle is resolved by analyzing cylinder amplitudes. The B-B and A-A overlaps become (in the NS sector)

B⟨B; O|e^{−πT H(c)} |B; O⟩_B =_A⟨B; O|e^{−πT H(c)} |B; O⟩_A = ch^{N =4}_0 (ℓ = 0; it, 0) , ( T ≡ 1 t )

(4.25) as expected. Here ch^{N =4}_0 (ℓ = 0; τ, z) is the N = 4 massless character of ℓ = 0 [48]. On the other hand, the A-B overlap is evaluated as follows; A⟨B; O|e^{−πT H(c)} |B; O⟩_B = χ_{(−,+)}(p = i/2; it) − ∫_∞ 0 dp 2 cosh πp χ_{(−,+)}(p; it) , ( t ≡ 1 T ) , (4.26) where χ_{(−,+)}(p; τ) is the twisted N = 2 character defined in (D.4). Twisted character appears due to the difference in the boundary conditions. We have used the fact that the absolute value squared of boundary wave function becomes

2 sinh πp^′ tanh πp^′ = 2 ( cosh πp^′ − 1 cosh πp^′ ) , (4.27)

and also used a contour deformation technique, which yields the first term in (4.26). Note that the second term in (4.26) appears with a negative sign, which means that the open channel amplitude includes negative norm states. This implies that compact A and Bbranes are mutually incompatible, and we discard the A-brane as in the other cases. In conclusion our brane spectrum matches with the geometrical expectation also in this case.

4.2 Cylinder amplitudes

Now, let us analyze cylinder amplitudes ending on the compact BPS branes in various models. We assume the parameter γ (4.23) to be an even integer γ ∈ 2Z for the time being. Calculation of various amplitudes becomes simplified under this assumption.

We start our analysis by working on the NS-sector amplitudes; Z^{(NS)}({L_i}, M|{L^′_i}, M^′)(it) ≡^{(NS)}⟨B; {L_i}, M|e^{−πT H(c)} |B; {L^′_i}, M^′⟩^{(NS)}, ( T ≡ 1 t ) . (4.28) The calculation is quite similar to the cylinder amplitudes for the B-branes in the compact Gepner models (see e.g. [47, 49]). The non-trivial point is the treatment of the projection operator P_{closed}. The following formulas are useful in imposing the second constraint (4.16); ∑ a∈Z_{2(k+2)} L+a∈2Z e^{−2πi am2(k+2)} ch^{(NS)}_{L,a} ( − 1 τ , z τ ) = (4.29)

= e^{iπ kk+2 z} 2 τ k∑ ℓ=0 sin ( π(L + 1)(ℓ + 1) k + 2 ) [ ch^{(NS)}_{ℓ,m} (τ, z) + (−1)^Lch^{(NS)}_{ℓ,m+k+2}(τ, z) ]

– 24 –

∑ R∈Z_N e^{2πi RKnN} χ^{(NS)}_0 ( 2KR; − 1 τ , z τ ) =

= e^{iπĉL z2τ} √ N 2K ∑ w∈Z_{2K} ∫_∞ 0 dp sinh ( π √_{2K} N p ) sinh ( π √_{2N} K p ) | | |cosh π (√ N 2K p + i^{Kn+Nw}_{2K} )| | | 2 χ_c^{(NS)}×

× (p, Kn + Nw; τ, z) + N+K−1 ∑ s=K+1 2 sin ( π(s − K) N ) ×

×χ_d^{(NS)}(s, Kn + Nw; τ, z) ] , ( ĉ_L = 1 + 2K N ) . (4.30)

We obtain (up to an overall normalization) Z^{(NS)}({L_i}, M|{L^′_i}, M^′)(it) ∝ ∑ ℓ_i ∑ ai∈Z_{2(ki+2)} a_i≡ℓ_i (mod 2)

∑ a^′_j ∈Z_{Nj} ∑ a∈Z_N ∑ r∈Z_{2N} 1 N · 1 2N ×

× exp 2πi r 2N M^′ − M + ∑ i μ_ia_i + 2 ∑ j ν_jK_j a^′_j ×

× ∏ i ∏ j N^{ℓi}_{Li,L′i} ch^{(NS)}_{ℓi,ai+2a}(it, 0) χ^{(NS)}_0 (2K_j (a^′_j − a); it, 0)

= ∑ ℓ_i ∑ ai∈Z_{2(ki+2)} a_i≡ℓ_i (mod 2)

∑ a^′_j ∈Z_{Nj} ∑ a∈Z_N 1 N δ^{(2N)} M^′ − M + ∑ i μ_ia_i + 2 ∑ j ν_jK_j a^′_j ×

× ∏ i ∏ j N^{ℓi}_{Li,L′i} ch^{(NS)}_{ℓi,ai+2a}(it, 0) χ^{(NS)}_0 (2K_j (a^′_j − a); it, 0) . (4.31)

Here N^{ℓi}_{Li,L′i} are the fusion coefficients of SU(2)_{ki} ;

N^{ℓi}_{Li,L′i} = { 1 |L_i − L^′_i| ≤ ℓ_i ≤ min[L_i + L^′_i, 2k_i − L_i − L^′_i] and ℓ_i ≡ |L_i − L^′_i| (mod 2) 0 otherwise . (4.32) The integrality of total U(1)-charge is ensured by the a-summation, while the a_i and a^′_j summations impose the constraint (4.16) via the relations (4.29), (4.30). Thanks to our assumption 2 ∑ i μ_i − 2 ∑ j ν_j K_j = −Nγ ∈ 2NZ , (4.33)

we may make the shifts a_i → a_i+2a, a^′_j → a^′_j −a in the factor δ^{(2N)}(· · ·). The a-summation is then decoupled and we obtain a simpler form of amplitude Z^{(NS)}({L_i}, M|{L^′_i}, M^′)(it) ∝

– 25 –

∝ ∑ ℓ_i ∑ ai∈Z_{2(ki+2)} a_i≡ℓ_i (mod 2)

∑ a^′_j ∈Z_{Nj} δ^{(2N)} M^′ − M + ∑ i μ_ia_i + 2 ∑ j ν_j K_ja^′_j ×

× ∏ i ∏ j N^{ℓi}_{Li,L′i} ch^{(NS)}_{ℓi,ai} (it, 0) χ^{(NS)}_0 (2K_j a^′_j ; it, 0) . (4.34)

In the cases of γ ∈ 2Z + 1 the a-summation is in general not decoupled and the calculation becomes more complex.

We next consider the open string Witten indices defined by I({L_i}, M|{L^′_i}, M^′) =^{(R)}⟨B; {L_i}, M|e^{−πT H(c)} e^{−iπJ0} |B; {L^′_i}, M^′⟩^{(R)} . (4.35) Under the assumption γ ∈ 2Z, the U(1)-charge condition for R-sector has the same form as (4.15). In order to evaluate the amplitudes we only have to replace the NS-characters ch^{(NS)}_{∗,∗} (it, 0), χ^{(NS)}_0 (∗; it, 0) by the ~R-characters, that is, the Witten indices (up to signs)

ch^{(~R)}_{ℓi,mi} (it; 0) = δ^{(2(ki +2))}(m_i − (ℓ_i + 1)) − δ^{(2(ki +2))}(m_i + (ℓ_i + 1)) ,

χ^{(~R)}_0 (2K_j r_j ; it, 0) = δ^{(Nj )} ( r_j − 1 2 ) − δ^{(Nj )} ( r_j + 1 2 ) , (4.36)

and also replace the summation ∑ a∈Z_N ∗ with ∑ a∈^1_2 +Z_N

∗ because of the insertion of e^{−iπJ0} .

We finally obtain I({L_i}, M|{L^′_i}, M^′) ∝ ∝ ∑ ℓ_i ∑ α_i=±1 ∑ β_j =±1

δ^{(2N)} M^′ − M + ∑ i μ_iα_i(ℓ_i + 1) + ∑ j ν_jK_j β_j + N 2 γ × × ∏ i ∏ j N^{ℓi}_{Li,L′i} sgn(α_i)sgn(β_j ) . (4.37)

The sector in which all of L_i and L^′_i equal 0 play the basic role. Following [49], [I_0]_{M,M} ′ ≡ I({L_i = 0}, M|{L^′_i = 0}, M^′) can be concisely expressed by introducing a cyclic operator g defined by the action g : M −→ M + 2 , (4.38)

which satisfies g^N = 1. Then we obtain from (4.37)

I_0 = ∏ i ∏ j ( g^{μi2} − g^{− μi2} ) ( g^{νj Kj2} − g^{− νj Kj2} ) g^{N4 γ} ∝ ∏ i ∏ j (1 − g^{−μi} ) (1 − g^{νj Kj} ) , (up to overall sign) . (4.39)

In this way we can derive the formula conjectured in [23], which generalizes the one for the B-branes in the compact Gepner models [47, 49]. We here emphasize that the formula (4.39) is correct only in the case with even γ. It is easy to check that, under the assumption

– 26 – γ ∈ 2Z, the formula (4.39) has the correct symmetry, namely,^8

I^t_0 = I_0 , for ĉ = 2, 4 , I^t_0 = −I_0 , for ĉ = 3 . (4.40)

Let us next discuss the odd γ cases that are somewhat more complicated. We here present two examples. 1. CY_3 (A_{n−1}):

In this case we have γ = 3 − 2 = 1. As was already discussed, we adopt half-integral values of the winding the number

w_1 ∈ 1 2 Z_{4(n+2)} , n_1 + 2w_1 ∈ 2Z . (4.41)

It is convenient to parameterize

k_1 + 2 = N_1 = N = n , K_1 = n + 2 2 , (for even n) , k_1 + 2 = n , N_1 = N = 2n , K_1 = n + 2 , (for odd n) , (4.42)

so that K_1 and N_1/2 (not N_1) are relatively prime.

We first consider the even n case. An important difference from the previous analysis is in the U(1)-charge condition for R-sector; m n + (n + 2)n_1 + 2nw_1 2n ∈ Z + γ 2 = Z + 1 2 , (4.43)

which leads to an extra insertion of e^{iπa} in the amplitude. Secondly, the “w ∈ 1 2 Z-rule” (4.41) gives rise to a replacement a^′_1 → 2a^′_1. We so obtain I(L, M|L^′, M^′) ∝ ∝ ∑ ℓ ∑ a1∈Z_{2n} a_1≡ℓ (mod 2) ∑ a^′_1∈Z_n ∑ a∈Z_n ∑ r∈Z_{2n} 1 n · 1 2n exp [ 2πi r 2n { M^′ − M + a_1 + (n + 2)2a^′_1 }] ×

× e^{iπa} N^ℓ_{L,L}′ ch^{(~R)}_{ℓ,a1+2a}(it, 0) χ^{(~R)}_0 ((n + 2)(2a^′_1 − a); it, 0) . (4.44)

Since only the terms with 2a^′_1 − a = ± 1 2 contribute, we may replace the factor e^{iπa} with

e^{−i π}2^β ( β 2 ≡ 2a^′_1 −a, β = ±1), which cancels out the factor sgn(β) in (4.37). The summation over a is again decoupled. We finally obtain the formula I(L, M|L^′, M^′) ∝ ∑ ℓ ∑ α=±1 ∑ β=±1 δ^{(2n)} ( M^′ − M + α(ℓ + 1) + β ) N^ℓ_{L,L}′ sgn(α) . (4.45)

In the L = 0 sector, we have

I_0 ∝ (1 − g^{−1})(1 + g) = g − g^{−1} , (4.46)

that is anti-symmetric as is expected.

8One way to confirm the result (4.40) is to take the T-dual so that LN_j ,K_j -sectors are realized as N = 2 Liouville theories. There, the compact branes are A-branes corresponding to middle dimensional cycles.

– 27 –

In the odd n case the story becomes more complicated. Since the label of the Cardy states R_1 in L^′_{2n,n+2}-sector runs over the range R_1 ∈ Z_{2n}, it appears that there exist twice as many BPS branes. However, the proper Cardy states in L^′_{2n,n+2} have to be compatible with (4.41) and are given as |R_1⟩^{(R)} + |R_1 + n⟩^{(R)}. We thus still have the same number of compact branes, and one may restrict the label M to the range M ∈ Z_{4n} ∩ 2Z. Rewriting M/2 as M, we can obtain the same formula of Witten indices (4.45) (and (4.46)).

2. ĉ = 4, M_{n−2} ⊗ L^′_{4n,n+2} ⊗ L^′_{4n,n+2}:

This model has been identified as the CY_3(A_{n−1})-fibration over C P^1 and we have γ = 4 − 3 = 1. We should again apply the “w ∈ 1 4 Z rule” (3.15) to the L^′_{4n,n+2}-sectors, and make the replacements a^′_i → 4a^′_i. A similar calculation leads to I(L, M|L^′, M^′) ∝ ∑ ℓ ∑ α=±1 ∑ β_1=±1 ∑ β_2=±1

× (4.47) × δ^{(4n)} ( M^′ − M + 2α(ℓ + 1) + β_1 + β_2 ) N^ℓ_{L,L}′ sgn(α)sgn(β_1) ,

and also in the L = 0 sector,

I_0 ∝ (1 − g^{−2})(1 − g)(1 + g) = 2 − g^2 − g^{−2} . (4.48)

Note that the factor sgn(β_2) was canceled by e^{iπa} in the same way as the first example, yielding a contribution 1 + g in place of 1 − g in (4.48). This fact makes (4.48) symmetric as should be.

4.3 Comments on non-compact BPS branes

We can similarly investigate aspects of non-compact BPS branes. The analysis is straightforward but more cumbersome technically. We thus restrict ourselves to making some comments about non-trivial points. We shall concentrate on the non-compact branes associated to the massive representations in each of L_{Nj ,Kj} -sectors (‘class 2’ in the classification in [1]), and focus on the NS-sector.

The first fact which is in contrast to the case of compact branes is that both the A and B-type boundary conditions are possible. This is because the U(1)-charges of massive representations are uncorrelated with their conformal weights. The desired Cardy states describing non-compact branes are now constructed in a similar manner to (4.14): all we have to do is to take the products of Cardy states in each sector and to let the projection P_{closed} act on them.

The Cardy states in each of the M_{ki} -sectors are given as in (4.5) (here we specify the A and B-type boundary conditions by subscripts); |L_i, M_i⟩_A = ∑ ℓ_i ∑ m_i e^{iπ ℓi2} C_{Li,Mi} (ℓ_i, m_i) |ℓ_i, m_i⟩⟩_A , (4.49) |L_i, M_i⟩_B = ∑ ℓ_i ∑ m_i C_{Li,Mi} (ℓ_i, m_i) |ℓ_i, m_i⟩⟩_B . (4.50)

– 28 –

Note that the A-B overlap of Ishibashi states yields the twisted minimal characters (see appendix D), and the extra phase factor e^{iπ ℓi}2 in (4.49) is necessary for the consistency with the modular bootstrap. (See the modular transformation formulas (D.8), and recall the fact that the identity brane |B; O⟩ is a B-brane.)

The Cardy states in the L_{Nj ,Kj} -sectors are more non-trivial. Since the branes are noncompact, we should allow the continuous spectrum of U(1)-charge in the open channel, while that in the closed channel should be still discrete. We thus have to introduce a one-parameter deformation of the extended massive characters (C.16)

χ_c^{(NS)}(p, m; τ, z, w) = q^{p22} Θ_{m,NK} ( τ, 2z N − w NK ) θ_3(τ, z) η(τ)^3 , (w ∈ R , 0 ≤ w < 2NK) , (4.51) and the associated Ishibashi states |p, m, α⟩⟩_A, |p, m, α⟩⟩_B (α ∈ R, 0 ≤ α < 2NK) by the relations; A⟨⟨p, m, α| e^{−πT H(c)} e^{2πizJ0} | p^′, m^′, α^′ ⟩⟩ A =_B ⟨⟨p, m, α| e^{−πT H(c)} e^{2πizJ0} | p^′, m^′, α^′ ⟩⟩ B = δ(p − p^′)δ^{(2NK)}_{m,m′} χ_c^{(NS)}(p, m; τ, z, α^′ − α) , (p, p^′ > 0) A⟨⟨p, m, α| e^{−πT H(c)} e^{2πizJ0} | p^′, m^′, α^′ ⟩⟩ B =_B ⟨⟨p, m, α| e^{−πT H(c)} e^{2πizJ0} | p^′, m^′, α^′ ⟩⟩ A = δ(p − p^′)δ^{(2NK)}_{m,0} δ^{(2NK)}_{m′,0} χ_{(+,−)}(p; iT ) , (p, p^′ > 0) (4.52)

where χ_{(+,−)}(p; τ) is the twisted massive character defined in (D.4). By these definitions the Ishibashi states |p, m, α⟩⟩_A, |p, m, α⟩⟩_B are explicitly constructed as the spectral flow sums of irreducible Ishibashi states, and the parameter α expresses the relative phase attached to each irreducible one.

The desired pieces of A and B-type Cardy states in the L_{Nj ,Kj} -sector are now given as follows [46, 1, 2, 6, 8]: they have different boundary wave functions;

|P_j , α_j ⟩_B = √ 2 N_j K_j ∫_∞ 0 dp ∑ m cos(2πP_j p)f(p, m) |p, m, α_j ⟩⟩_B , (4.53) |P_j , α_j ⟩_A = 1 √ 2N_j K_j ∫_∞ 0 dp ∑ m ( e^{2πiPj p} + (−1)^me^{−2πiPj p} ) f(p, m) |p, m, α_j ⟩⟩_A , (4.54) where we set

f(p, m) ≡ 1 Ψ^{(NS)}_O (−p, m) = ( N^3 2^3K

) 1_4 Γ ( −i √_{2K} N p ) Γ ( 1 − i √_{2N} K p )

Γ ( 1 2 +^m_{2K} − i √_N 2K p ) Γ ( 1 2 −^m_{2K} − i √_N 2K p ) ,

(4.55) We present a few comments:

1. The B-type Cardy state (4.53) is determined from the modular bootstrap, while the A-type (4.54) is not. This is because the identity brane is now a B-brane and

– 29 – hence the modular bootstrap is not powerful to determine the A-type Cardy state. Nevertheless, (4.54), which is called ‘class 2^′’ in [8], has been constructed in [46, 6] as the ‘descent’ of the AdS_2-brane [50] in the euclidean AdS_3 [51].^9 One can check that the difference of coefficients in (4.53) and (4.54) is consistent with reflection amplitudes of the SL(2; R)/ U(1)-coset model [52, 14].

In the cigar models (4.53) would correspond to non-compact D2-branes (partially wrapping on cigar) [8], while (4.54) do to non-compact D1-branes [46, 6]. The continuous parameter α_j would express the angular positions and Wilson lines of D1, D2-branes respectively. However, one should keep it in mind that the backgrounds here have different geometries from the cigar due to the orbifolding procedure, and thus the classical DBI analysis on the cigar as in [46] cannot be simply applied to our case.

2. Computations of cylinder amplitudes are straightforward but more complicated than the compact brane case. In the simplest example M_{N−2} ⊗L_{N,1} some analysis has been already done in [9].^{10} It is important that all the open string amplitudes appearing in the A-A or B-B type overlaps are expanded by the products of minimal characters and extended massive characters with the continuous U(1)-charges χ_c^{(∗)}(p_j , ω_j; it, 0), ω_j ∈ R, 0 ≤ ω_j < 2N_j K_j . (See the modular transformation formula (C.15).) For the B-branes the projection P_{closed} acts in the same way as in the compact branes, namely imposes (4.15) and (4.16), and hence the B-branes can depend only on one parameter along the U(1)-direction. As for the A-branes, on the other hand, P_{closed} only imposes the U(1)-charge integrality (4.15) and not the second constraint (4.16). If K_j > 1, P_{closed} further gives rise to the summation over the shifts ω_j → ω_j + 2N_j l_j (l_j ∈ Z_{Kj} ) in the open channel character χ_c^{(∗)}(p_j , ω_j; it, 0), since the A-type Ishibashi states |p_j, m_j ⟩⟩_{cA} exist only for m_j = K_j n_j (n_j ∈ Z_{2Nj} ).

The A-B (or B-A)-type overlaps are expressed by the products of the twisted N = 2 characters χ_{(−,+)}(p; it) (D.4) and χ_{L (−,+)}(it) (D.5). We do not have spectral flow sums in the open channel in this case, since only the U(1)-neutral states contribute to the twisted characters. The Cardy condition is expected to be satisfied with suitable spectral densities (after subtracting the IR divergences) in all these cases.

3. We still have a possibility to construct other types of non-compact BPS branes based on the ‘class 3’ boundary states [1], which are associated with the massless matter representations in the L_{Nj ,Kj} -sectors. In the cigar models it has been pointed out [53, 8] that they could describe the D2-branes found in [46, 6] covering the whole cigar. However, as is suggested from a detailed analysis of cylinder amplitudes performed in [8], it seems difficult that these class 3 branes can satisfy the Cardy condition, as far as we insist on unitary representations in the open string channel. We leave this subtle problem to future works.

9In the recent paper [10] the boundary wave function of A-type (4.54) has been also derived by the boundary bootstrap approach based on the perturbative analysis in the dual N = 2 Liouville theory.

10The analysis in [9] corresponds to the case with discrete α.

– 30 –

4.4 Non-BPS branes

To close this section we discuss the Cardy states for non-BPS D-branes that exhibit some interesting properties. To avoid unessential complexity we shall concentrate on the simplest case of N NS5 branes (or ALE(A_{N−1})) described by M_{N−2} ⊗ L_{N,1}, and only consider the compact branes. Extensions to more general models and the cases of non-compact branes should be straightforward.

The simplest non-BPS branes are of course obtained in the same way as in the flat backgrounds (see e.g. [54]), that is, by projecting out the RR-components of boundary states and by multiplying the remaining NSNS-components by √ 2. These branes are constructed using the descent relation and the Z_2-orbifolding acting by the space-time fermion number. Since we now possess the Z_N-symmetries in the U(1)-charge sector, we may construct more non-trivial non-BPS branes by using the Z_N-orbifolding procedure. This type of non-BPS branes may be regarded as the natural extension of the “unstable B-branes” in the SU(2)-WZW model presented in [31].

The basic prescription for their construction is summarized as follows (we focus on the NSNS-sector for the time being);

1. Start with the compact BPS brane (4.14)

|B; L, M⟩_B = N P_{closed} [ |L, M⟩_{MN−2} ⊗ |R = 0⟩_{LN,1} ] , (L + M ∈ 2Z) , (4.56)

which includes the B-type Cardy states for both sectors. Consider the “wrongdimensional” BPS branes |B; L, M⟩^′_{AB} which is defined by reversing formally the boundary condition in the M_{N−2}-sector of (4.56). The subscript AB indicates to take the A and B-type boundary conditions for the M_{N−2} and L_{N,1}-sectors, respectively.

2. Sum up |B; L, M⟩^′_{AB} over the spectral flows in the open string channel, namely, we define |B; L⟩_{AB} = ∑ r∈Z_N |B; L, L + 2r⟩^′_{AB} , (4.57) which should be the desired boundary states of non-BPS branes.

It is important to note that, although the ‘wrong BPS brane’ |B; L, M⟩^′_{AB} is not compatible with the charge-integrality condition, (4.57) is consistent because the sum over r ∈ Z_N projects out states with fractional U(1)-charges. They actually consist of Ishibashi states with integral U(1)-charges separately in each sector, M_{N−2} and L_{N,1}. They do not satisfy the N = 2 boundary conditions (4.1) or (4.2), and at most preserve the N = 1 superconformal symmetry.

The modular bootstrap relation characterizing this brane is written as B⟨B; O|e^{−πT H(c)} |B; L⟩_{AB} = χ_{L (−+)}(it) ^χ_G(it, 0) , (4.58)

– 31 – which fixes the overall normalizations in (4.57). Here χ_{L (−+)}(τ) is the twisted minimal character in M_{N−2}-sector defined in (D.5), and we have introduced a function ^χ_G(τ, z) ≡ ∑ r∈Z_N χ_G(2r; τ, z) = q^{− 14N} ∑ n∈Z (1 − q)q^{n2}N^{+n− 1}2 e^{2πiz}(^{2N n+1}) ( 1 + e^{2πiz}q^{n+ 1}2 ) ( 1 + e^{2πiz}q^{n− 1}2 ) θ_3(τ, z) η(τ)^3 , (4.59) which is the sum of irreducible graviton character over the whole spectral flows.

Note that (4.57) is naturally regarded as the Z_N-extension of the non-BPS branes in the flat background [54];

|Dp⟩_{non-BPS} = 1 √ 2 ( |Dp⟩^′ + |Dp⟩^′ ) , (4.60)

where |Dp⟩^′ (|Dp⟩^′) expresses the boundary state for the ‘wrong-dimensional’ BPS (anti- )Dp-brane. Since each term of R.H.S is not compatible with the GSO condition, the boundary state |Dp⟩_{non-BPS} cannot be decomposed into constituent branes. In the same sense our non-BPS brane (4.57) is irreducible and not decomposable to constituent boundary states.

It is straightforward to work out cylinder amplitudes and one can show that Cardy condition is always satisfied for the non-BPS brane (4.57). Namely, all the overlaps are interpreted as correct open string one-loop amplitudes. The overlaps with compact BPS branes are easy to evaluate in a similar manner as (4.58), and we also find AB⟨B; L_1|e^{−πT H(c)} |B; L_2⟩_{AB} = ∑ L N^L_{L1,L2} ^ch_L(it, 0) ^χ_G(it, 0) , (4.61)

where ^χ_G(it, 0) is defined in (4.59), and also we set ^ch_ℓ(τ, z) ≡ ∑ r∈Z_N ch^{(NS)}_{ℓ,ℓ+2r}(τ, z) = ∑ s∈Z_{N−2} c^{(N−2)} ℓ,ℓ+2s (τ) Θ2ℓ+2Ns,N−2 ( τ 2N , z N ) . (4.62)

Here c^{(k)}_{ℓ,m}(τ) denotes the level k string function of SU(2). Note that the open string channel includes states with fractional U(1)-charges even in the self-overlap cases, suggesting that this boundary state really describes non-BPS D-branes.

To clarify the non-BPS nature it is important to examine the RR-sectors of boundary states. It is easy to construct the RR-counterpart of (4.57). However, we have to take account of the compatibility with the charge integrality and GSO projection together with the Minkowski part R^{5,1} . Let us now recall the formula for U(1)-charges in the R-sector (4.21) , M_{N−2}-sector : 1 2 + m^′ N , L_{N,1}-sector : 1 2 + n^′ N . (4.63)

As we noted above, the sum over r in (4.57) forces the fractional parts of the U(1)-charges m^′/N, n^′/N to vanish and hence U(1)-charge becomes 1/2 in each R-sector.

When the boundary condition is flipped from B to A-type in the M_{N−2}-sector, U(1)- charge of the right mover changes from 1/2 to −1/2 and there is a net change of U(1)-charge by 1. Then a compensating change must happen in the flat sector along R^{5,1} . One has to

– 32 – shift the dimension of the brane by one and obtains a brane with a wrong dimension |Dp^′⟩^′ (p^′ is even(odd) for type IIA (IIB) string theory). Note that in the NS5-brane background a BPS brane has odd dimensions extended in the direction transverse to NS5-brane and thus has odd (even) dimensions extended along the NS5-branes in type IIA (IIB) theory. Non-BPS brane is then given by

|Dp^′⟩^{′(NS)} ⊗ |B; L⟩^{(NS)}_{AB} ± |Dp^′⟩^{′(R)} ⊗ |B; L⟩^{(R)}_{AB} . (4.64)

In the present example it is also possible to construct a non-BPS brane of the type known in the flat space-time √ 2|Dp⟩^{(NS)} ⊗ |B; L⟩^{(NS)}_{AB} . (4.65)

Here p is odd (even) in the type IIA (IIB) theory. The second one (4.65) describes an overall wrong-dimensional brane without RR-component and the overall factor √ 2 is necessary by the same reason as in the flat case. The first one (4.64) is more interesting and characteristic for this conformal system. It is an overall correct dimensional brane and has a non-vanishing RR-component. However, the boundary wave functions for the RR-ground states always vanish, implying they have no RR-charges (vanishing periods in other words). In fact, as is obvious from the construction, they have the vanishing Z_N-brane charge valued in the twisted K-group (see e.g. [55]). This type of branes also break the space-time SUSY completely, and one can show that their self-overlaps always include open string tachyons. In fact they always contain a contribution of M_{N−2}-sector 1 2 ( ch^{(NS)}_{0,2} (it, 0) − ch^{( ~NS)}_{0,2} (it, 0) ) ≡ 1 2 ( ch^{(NS)}_{N−2,N−2}(it, 0) + ch^{( ~NS)}_{N−2,N−2}(it, 0) ) , (4.66)

in the open string amplitudes, where the second term originates from the RR-boundary states. In the second equality we used the formula (B.6). It yields the leading IR behavior; ∼ e^{−2πt(h−1/2)} with h = 1 2 − 1 N . (4.67)

We have thus found open string tachyon modes for any value N ≥ 2. We also remark that the involution L → N − 2 − L flips the sign in front of the RR-component in (4.64) as in the BPS branes. Hence it is actually enough to only consider the plus sign in (4.64).

We finally make a few comments:

1. In the recent paper [32] D-brane configurations in NS5-backgrounds breaking/not breaking the space-time SUSY have been investigated in detail by means of the DBI action and an interesting geometrical interpretation of tachyon condensation in the non-BPS branes has been proposed in the Little String Theory (LST) [14]. Among other things, it is claimed that the BPS branes lying along the NS5 and breaking the space-time SUSY completely, should be interpreted as the non-BPS branes in LST. It will be interesting to compare this type of branes with our boundary states for the

– 33 – compact non-BPS branes of the first type (4.64). It is shown in [32] that the open string modes describing the positions of these D-branes transverse to NS5 become tachyonic and have the mass squared^{11}

α^′M^2_T = − 1 N . (4.68)

This coincides precisely with our calculation of tachyon mass (4.67).

2. We can also consider extensions to more general models and also the case of noncompact branes. The consistency with the GSO projection in RR-sector is the only non-trivial point. For instance, let us consider the models with N_M = 1, N_L ≥ 1, which are identified with the ALE fibrations as we addressed before, and focus on the compact non-BPS branes. We then find

• If γ(≡ ĉ − N_M − N_L) is even, we have a similar situation as in the NS5 case above. Namely, we have two types of non-BPS branes with/without the RRcomponents such as (4.64), (4.65).

• If γ is odd, the boundary states of the type (4.64) is not allowed since the charge integrality condition in the R-sector (4.22) is not satisfied (recall that L.H.S of (4.22) vanishes due to r-summation) and R-sector does not appear in the boundary state. We have only the non-BPS branes without RR-components as in the flat background.

5. Conclusions

In this paper we have discussed various aspects of string theory compactification on noncompact Calabi-Yau manifolds by making use of SL(2; R)/ U(1) supercoset theories coupled to N = 2 minimal models. We have used the extended characters of N = 2 SCA for the SL(2; R)/ U(1) theory together with the irreducible characters for the minimal model and determined the closed string massless spectrum, open string Witten index and (non-) BPS boundary states.

Important aspect of the massless spectrum is the following: at our non-compact Gepner points Calabi-Yau 3 and 4-folds possess only (a, c) or (c, a)-type massless states, while (c, c) or (a, a)-type states are absent in the spectrum. Thus the theory possesses only Kähler structure deformations. In the T-dual N = 2 Liouville description the theory possesses only complex structure deformations corresponding to the special lagrangian cycles.

This is the characteristic feature of the space-time with a conifold singularity and thus our models describe generalized conifold singularities in CY 3 and 4-folds: N = 2 Liouville theories describe their deformations while SL(2; R)/ U(1) theories describe their resolutions.

11Although the S^1-compactification is taken in [32], the tachyon mass given there does not depend on the compactification radius.

– 34 –

On the other hand, in the case of K3 surface our models possesses equal numbers of (a, c), (c, a), (a, a) and (c, c) states, which corresponds to the characteristic feature of ADE type (hyperKähler) singularities.

We have also studied the spectrum of D-branes in our non-compact models: only the B-type branes are allowed as compact branes (or only the A-branes are possible in the N = 2 Liouville theory) and the open string Hilbert space describing compact branes consists of extended graviton representations of SL(2; R)/ U(1)-sector and representations of the minimal sector. We have compared the spectra of compact branes with those of the massless states in the closed string sector. Some of the BPS branes (homology cycles) are not associated with massless states: corresponding space-time fields are frozen due to non-normalizability of the wave function. We have also seen that the cylinder amplitudes of ~R-sector reproduce expected intersection numbers of vanishing cycles.

The Cardy states describing non-BPS D-branes are also discussed. They are expressed by boundary states breaking the N = 2 superconformal symmetry and identified as extensions of the “unstable B-branes” in the SU(2)-WZW model. They may possess (massive) RR-components contrary to non-BPS branes in the flat background.

Geometry of the deformed side of the conifold is relatively easy to study due to the absence of quantum corrections and one can study the lagrangian cycles using Liouville theory. On the other hand, possible quantum corrections make the geometry of resolved conifold difficult to understand. Even the dimensionality of the branes may not be welldefined. It is interesting to see if the description by means of the SL(2; R)/ U(1) theory will help our understanding of the geometry of resolved conifold.

Acknowledgments

Y.S. would like to thank N. Ishibashi, Y. Nakayama and Y. Satoh for valuable comments and discussions.

The research of T.E. and Y.S. is partially supported by Japanese Ministry of Education, Culture, Sports, Science and Technology.

A. Notations

We here summarize our notations of theta functions. We set q ≡ e^{2πiτ} and y ≡ e^{2πiz} ,

θ_1(τ, z) = i ∞∑ n=−∞ (−1)^nq^{(n−1/2)2/2}y^{n−1/2}

≡ 2 sin(πz)q^{1/8} ∞∏ m=1 (1 − q^m)(1 − yq^m)(1 − y^{−1}q^m),

θ_2(τ, z) = ∞∑ n=−∞ q^{(n−1/2)2 /2}y^{n−1/2} ≡ 2 cos(πz)q^{1/8} ∞∏ m=1 (1 − q^m)(1 + yq^m)(1 + y^{−1}q^m) ,

θ_3(τ, z) = ∞∑ n=−∞ q^{n2/2}y^n ≡ ∞∏ m=1 (1 − q^m)(1 + yq^{m−1/2})(1 + y^{−1}q^{m−1/2}) ,

– 35 – θ_4(τ, z) = ∞∑ n=−∞ (−1)^nq^{n2/2}y^n ≡ ∞∏ m=1 (1 − q^m)(1 − yq^{m−1/2})(1 − y^{−1}q^{m−1/2}) , (A.1)

Θ_{m,k}(τ, z) = ∞∑ n=−∞ q^{k(n+ m2k )2} y^{k(n+ m2k )} . (A.2)

η(τ) = q^{1/24} ∞∏ n=1 (1 − q^n) . (A.3)

B. Character formulas of N = 2 minimal model

The character formulas of the level k N = 2 minimal model (ĉ = k/(k + 2)) are described as the branching functions of the Kazama-Suzuki coset

SU(2)_k × U(1)_2 U(1)_{k+2} defined by χ^{(k)}_ℓ (τ, w)Θ_{s,2}(τ, w − z) = ∑ m∈Z_{2(k+2)} ℓ+m+s∈2Z χ^{ℓ,s}_m (τ, z)Θ_{m,k+2} ( τ, w − 2z (k + 2) ) ,

χ^{ℓ,s}_m (τ, z) ≡ 0 , for ℓ + m + s ∈ 2Z + 1 , (B.1)

where χ^{(k)}_ℓ (τ, z) is the spin ℓ/2 character of SU(2)_k;

χ^{(k)}_ℓ (τ, z) = Θ_{ℓ+1,k+2}(τ, z) − Θ_{−ℓ−1,k+2}(τ, z) Θ_{1,2}(τ, z) − Θ_{−1,2}(τ, z) ≡ ∑ m∈Z_{2k} c^{(k)}_{ℓ,m}(τ)Θ_{m,k}(τ, z) . (B.2) The branching function χ^{ℓ,s}_m (τ, z) is explicitly calculated as follows (see, e.g. [42]); χ^{ℓ,s}_m (τ, z) = ∑ r∈Z_k c^{(k)}_{ℓ,m−s+4r}(τ)Θ_{2m+(k+2)(−s+4r),2k(k+2)} ( τ, z (k + 2) ) . (B.3)

Then, the character formulas of unitary representations are written as

ch^{(NS)}_{ℓ,m} (τ, z) = χ^{ℓ,0}_m (τ, z) + χ^{ℓ,2}_m (τ, z) , ch^{( ~NS)}_{ℓ,m} (τ, z) = χ^{ℓ,0}_m (τ, z) − χ^{ℓ,2}_m (τ, z) ≡ e^{−iπ mk+2} ch^{(NS)}_{ℓ,m} ( τ, z + 1 2 ) , ch^{(R)}_{ℓ,m}(τ, z) = χ^{ℓ,1}_m (τ, z) + χ^{ℓ,3}_m (τ, z) ≡ q^{k8(k+2)} y^{k2(k+2)} ch^{(NS)}_{ℓ,m+1} ( τ, z + τ 2 ) , ch^{(~R)}_{ℓ,m}(τ, z) = χ^{ℓ,1}_m (τ, z) − χ^{ℓ,3}_m (τ, z) ≡ −e^{−iπ m+1k+2} q^{k8(k+2)} y^{k2(k+2)} ch^{(NS)}_{ℓ,m+1} ( τ, z+ 1 2 + τ 2 ) .(B.4)

By definition, we may restrict to ℓ+m ∈ 2Z for the NS and ~NS sectors, and to ℓ+m ∈ 2Z+1 for the R and ~R sectors. It is convenient to define ch^{(σ)}_∗ (τ, z) ≡ 0 unless these conditions for ℓ, m are satisfied. Note that the character identity (“field identification”) holds χ^{k−ℓ,s+2} m+k+2 (τ, z) = χ ℓ,s m (τ, z) , (B.5)

or equivalently,

ch^{(σ)}_{k−ℓ,m+k+2}(τ, z) = ch^{(σ)}_{ℓ,m}(τ, z) , (σ = NS, R) , ch^{(σ)}_{k−ℓ,m+k+2}(τ, z) = −ch^{(σ)}_{ℓ,m}(τ, z) , (σ = ~NS, ~R) . (B.6)

– 36 –

We next present the modular transformation formulas. To this aim it is convenient to introduce the notations

T · NS = ~NS , T · ~NS = NS , T · R = R , T · ~R = ~R , (B.7) S · NS = NS , S · ~NS = R , S · R = ~NS , S · ~R = ~R . (B.8)

We also define κ(σ) = { 1 σ = NS, ~NS, R −i σ = ~R , ν(σ) = { 0 σ = NS, ~NS 1 σ = R, ~R

. (B.9)

Modular transformations are given by χ^{ℓ,s}_m (τ + 1, z) = e^{2πi} ( h^(NS^)(ℓ,m)+^{s2}_8 −^k_{8(k+2)} ) χ^{ℓ,s}_m (τ, z) , (B.10) χ^{ℓ,s}_m ( − 1 τ , z τ ) = e^{iπ kk+2 z} 2 τ k∑ ℓ^′=0 ∑ m∈Z_{2(k+2)} ∑ s∈Z_4 S^{ℓ′,m′}_{ℓ,m} 1 2 e^{−iπ ss′2} χ^{ℓ′,s′}_m′ (τ, z) , (B.11)

where h^{(NS)}(ℓ, m) ≡ ℓ(ℓ + 2) − m^2 4(k + 2) and S^{ℓ′,m′}_{ℓ,m} is the modular coefficients

S^{ℓ′,m′}_{ℓ,m} = √ 2 k + 2 sin ( π(ℓ + 1)(ℓ^′ + 1)

k + 2 ) · 1 √ 2(k + 2) e^{2πi mm} ′ 2(k+2) . (B.12)

Equivalently,

ch^{(σ)}_{ℓ,m}(τ + 1, z) = e^{2πi} ( h^{(σ)}−^k_{8(k+2)} ) ch^{(T ·σ)}_{ℓ,m} (τ, z) , (B.13) ch^{(σ)}_{ℓ,m} ( − 1 τ , z τ ) = κ(σ)e^{iπ kk+2 z2τ} k∑ ℓ^′=0 ∑ m∈Z_{2(k+2)} S^{ℓ′,m′}_{ℓ,m} ch^{(S·σ)}_{ℓ′,m′} (τ, z) , (B.14)

where h^{( ~NS)}(ℓ, m) = h^{(NS)}(ℓ, m), h^{(R)}(ℓ, m) = h^{(~R)}(ℓ, m) = h^{(NS)}(ℓ, m) + 1/8. We note the spectral flow relations (^∀a,^∀b ∈ Z); q^{k2(k+2) a2} e^{2πi kk+2 az} χ^{ℓ,s}_m (τ, z + aτ + b) = e^{−iπsb}e^{2πi mk+2 b} χ^{ℓ,s−2a}_{m−2a} (τ, z) . (B.15) Especially, they have the (quasi-)periodicity of period k + 2 with respect to z. We also note the formula of Witten index

lim_{z → 0} ch^{(~R)}_{ℓ,m}(τ, z) = δ^{(2(k+2))}_{m,ℓ+1} − δ^{(2(k+2))}_{m,−(ℓ+1)} . (B.16)

C. Extended characters and their modular properties

In this appendix we summarize useful properties of the extended characters (2.12), (2.14) and (2.17) in L_{N,K} -sector, i.e. the SL(2; R)/ U(1) supercoset with k = N/K (N, K ∈ Z_{>0})

– 37 – introduced in [1, 4]. They are explicitly written as

χ_c^{(NS)}(p, m; τ, z) = q^{p22} Θ_{m,NK} ( τ, 2z N ) θ_3(τ, z) η(τ)^3

, (C.1)

χ_d^{(NS)}(s, s + 2Kr; τ, z) = ∑ n∈Z

( yq^N(^{n+2r+12N} ) ) s−K_N y^{2K}(^{n+2r+12N} )q^{NK}(^{n+2r+12N} )^2 1 + yq^N(^{n+ 2r+12N} ) θ_3(τ, z) η(τ)^3

,(C.2) χ_d^{(NS)}(s, m; τ, z) ≡ 0 , (m − s ∉ 2KZ) , χ^{(NS)}_0 (2Kr; τ, z) = q^{− K4N} ∑ n∈Z (1 − q)q^{NK}(^{n+ rN} )^{2+N}(^{n+2r−12N} )y^{2K}(^{n+ rN} )^{+1} ( 1 + yq^N(^{n+ 2r+12N} ) ) ( 1 + yq^N(^{n+ 2r−12N} ) ) θ_3(τ, z) η(τ)^3

χ^{(NS)}_0 (m; τ, z) ≡ 0 , (m ∉ 2KZ) . (C.3) Expressions for other spin structures are readily derived from the definitions (2.19).

The formulas of Witten indices are given as

χ_c^{(~R)}(p, m; τ, 0) = 0 , χ_d^{(~R)}(s, m; τ, 0) = −δ^{(2NK)}_{m,s−K} , χ^{(~R)}_0 (m; τ, 0) = δ^{(2NK)}_{m,K} − δ^{(2NK)}_{m,−K} . (C.4) The following relation of spectral flow is obvious from the definitions (^∀a, b ∈ Z); q^{ĉ2 a2} e^{2πiĉaz} χ^{(σ)}_∗ (∗, m; τ, z + aτ + b) = ϵ_σ(a, b)e^{2πi mN b}χ^{(σ)}_∗ (∗, m + 2Ka; τ, z) , (C.5) where the sign factor ϵ_σ(a, b) is given by ϵ_{NS}(a, b) = 1, ϵ_{~NS}(a, b) = (−1)^a, ϵ_R(a, b) = (−1)^b, ϵ_{~R}(a, b) = (−1)^{a+b}, respectively. Especially, the extended characters have the (quasi-)periodicity with period N under the spectral flows. We also note the “charge conjugation relations” of extended characters; χ_c^{(σ)}(p, m; τ, −z) = χ_c^{(σ)}(p, −m; τ, z) , (σ = NS, ~NS, R) , χ_c^{(~R)}(p, m; τ, −z) = −χ_c^{(~R)}(p, −m; τ, z) , (C.6) χ_d^{(σ)}(s, m; τ, −z) = χ_d^{(σ)}(N + 2K − s, N − m; τ, z) , (σ = NS, R, ~R) , χ_d^{( ~NS)}(s, m; τ, −z) = −χ_d^{( ~NS)}(N + 2K − s, N − m; τ, z) , (C.7) χ^{(σ)}_0 (m; τ, −z) = χ^{(σ)}_0 (−m; τ, z) , (σ = NS, ~NS, R) , χ^{(~R)}_0 (m; τ, −z) = −χ^{(~R)}_0 (−m; τ, z) . (C.8) The following identities are also useful (r ∈ Z_N); χ^{(σ)}_0 (K(2r + ν(σ)); τ, z) ± ± χ_d^{(σ)}(N, N + K(2r + ν(σ)); τ, z) + χ_d^{(σ)}(2K, K(2r + ν(σ)); τ, z) =

= χ_c^{(σ)} ( i √ K 2N , K(2r + ν(σ)); τ, z ) , (C.9)

χ_d^{(σ)}(K, m; τ, z) ± χ_d^{(σ)}(N + K, m + N; τ, z) = χ_c^{(σ)}(p = 0, m; τ, z) , (σ = NS, R) , (C.10) where one chooses + (−) sign for spin structures NS and R ( ~NS, ~R).

– 38 –

Let us next present the modular transformation formulas of the extended characters. The T-transformation formulas are quite easy; χ^{(σ)}_∗ (∗, m; τ + 1, z) = e^{2πi(h(σ)(∗,m)−ĉ/8)} χ^{(T ·σ)}_∗ (∗, m; τ, z) , (C.11) where the conformal weight h^{(σ)}(∗, m) can be read off from (2.13), (2.16), (2.18) and also the formula (2.20). The S-transformation formulas are given in [1], and written as

χ_c^{(σ)} ( p, m; − 1 τ , z τ ) = κ(σ)e^{iπĉ z2τ} √ 2 NK × × ∑ m^′∈Z_{2N K} e^{−2πi mm′2N K} ∫_∞ 0 dp^′ cos (2πpp^′) χ_c^{(S·σ)}(p^′, m^′; τ, z) , (C.12)

χ_d^{(σ)} ( s, m; − 1 τ , z τ ) = = κ(σ)e^{iπĉ z2τ} [ 1 √ 2NK ∑ m^′∈Z_{2N K} e^{−2πi mm′2N K} ×

× ∫_∞ 0 dp^′ cosh ( 2π^{N−(s−K)} √ 2NK p^′ ) + e^{2πi} (_{m′} 2K −^1_2 ν(S·σ) ) cosh ( 2π^{s−K√}_{2NK} p^′ )

2 | | |cosh π (√_N 2K p^′ + i^{m′}_{2K} −^i_2 ν(S · σ) )| | 2 ×

× χ_c^{(S·σ)}(p^′, m^′; τ, z) + + i N N+K−1 ∑ s^′ =K+1 ∑ m^′ ∈Z_{2N K} e^{2πi (s−K)(s′ −K)−mm′} 2N K χd(S·σ)(s′, m′; τ, z) +

+ i 2N ∑ m^′∈Z_{2N K} e^{−2πi mm′2N K} { χ_d^{(S·σ)}(K, m^′; τ, z)

− e^{iπν(σ)} χ_d^{(S·σ)}(N + K, N + m^′; τ, z) }] , (C.13)

χ^{(σ)}_0 ( m; − 1 τ , z τ ) = = κ(σ)e^{iπĉ z2τ} [ 1 √ 2NK ∑ m^′∈Z_{2N K} e^{−2πi mm′2N K} ×

× ∫_∞ 0 dp^′ sinh ( π √_{2K} N p^′ ) sinh ( π √_{2N} K p^′ ) | | |cosh π (√_N 2K p^′ + i^{m′}_{2K} −^i_2 ν(S · σ) )| | 2 χ_c^{(S·σ)}(p^′, m^′; τ, z) +

+ 2 N N+K−1 ∑ s^′ =K+1 ∑ m^′ ∈Z_{2N K} sin ( π(s^′ − K) N ) e^{−2πi mm′2N K} χ_d^{(S·σ)}(s^′, m^′; τ, z) ] .(C.14)

In these expressions T · σ, S · σ, κ(σ) and ν(σ) are defined in (B.7), (B.8), (B.9). Note that these modular transformation formulas, especially the discrete terms appearing in them, are really consistent with the formulas of Witten index (C.4).

It is often useful to extend the S-transformation formula for the massive character (C.12) to the case of continuous U(1)-charge;

χ_c^{(σ)} ( p, ω;− 1 τ , z τ ) =κ(σ)e^{iπĉ z2τ} √ 2 NK ∑ m^′∈Z_{2NK} ∫_∞ 0 dp^′ cos ( 2πpp^′ ) χ_c^{(S·σ)} ( p^′, m^′; τ, z, ω ) . (C.15)

– 39 –

Here the l.h.s. is defined by formally replacing the discrete parameter m ∈ Z_{2NK} with a continuous one 0 ≤ ω < 2NK in (2.12). In the r.h.s. we introduced χ_c^{(σ)}(p, m; τ, z, w) = q^{p22} Θ_{m,NK} ( τ, 2z N − w NK ) θ_{[σ]}(τ, z) η(τ)^3

, (C.16)

where we set θ_{[σ]} = θ_3, θ_4, θ_2, iθ_1 for σ = NS, ~NS, R, ~R. χ_c^{(σ)}(p, m; τ, z, w) is the extension of extended massive character with one parameter 0 ≤ w < 2NK that characterizes the relative phases of irreducible characters in the sum over spectral flow. Note that the R.H.S in (C.15) contains only contributions with discrete U(1)-charges.

D. Twisted N = 2 characters

The twisted N = 2 characters are defined by the twisting with respect to a Z_2-automorphism in the N = 2 SCA; σ : T −→ T, J −→ −J, G^± −→ G^∓ . (D.1) We denote the twisted characters as ch^{(∗)}_{(S,T )} where ∗ expresses the spin structure and S, T = ± express the spatial and temporal boundary conditions of the σ-twist. The relevant quantum number is only the conformal weight, since the σ-twisting leaves only the states with vanishing U(1)-charge. It is easy to see the following identities (see e.g. [56]);

ch^{(NS)}_{(+,−)}(τ) = ch^{( ~NS)}_{(+,−)}(τ) , ch^{(NS)}_{(−,+)}(τ) = ch^{(R)}_{(−,+)}(τ) , ch^{( ~NS)}_{(−,−)}(τ) = ch^{(R)}_{(−,−)}(τ) ,(D.2)

ch^{(R)}_{(+,−)}(τ) = ch^{(~R)}_{(+,−)}(τ) , ch^{( ~NS)}_{(−,+)}(τ) = ch^{(~R)}_{(−,+)}(τ) , ch^{(NS)}_{(−,−)}(τ) = ch^{(~R)}_{(−,−)}(τ) .(D.3)

All the characters in the second line (D.3) actually vanish due to fermion zero modes, and we are left only three non-trivial twisted characters (D.2), which we denote as χ_{(+,−)}(τ), χ_{(−,+)}(τ) and χ_{(−,−)}(τ).

The twisted massive characters in any N = 2 SCFT’s with ĉ > 1 are essentially trivial. We can readily calculate them as

χ_{(+,−)}(p; τ) =

2q^{p2}2 θ_2(τ) , ( h = p^2 2 + ĉ − 1 8 ) ,

χ_{(−,+)}(p; τ) =

2q^{p2}2 θ_4(τ) , ( h = p^2 2 + ĉ 8 ) ,

χ_{(−,−)}(p; τ) = 2q^{p2}2 θ_3(τ) , ( h = p^2 2 + ĉ 8 ) . (D.4)

In the minimal model M_k the twisted characters are much more involved. The relevant formulas are summarized in [56] based on the results [57, 58, 59];

χ_{ℓ (+,−)}(τ) = 2 θ_2(τ) ( Θ_{2(ℓ+1),4(k+2)}(τ) + (−1)^kΘ_{2(ℓ+1)+4(k+2),4(k+2)}(τ) ) (ℓ : even),

0 (ℓ : odd).

– 40 – χ_{ℓ (−,+)}(τ) = 1 θ_4(τ) ( Θ_{ℓ+1−} k+2_{2 ,k+2}(τ) − Θ_{−(ℓ+1)−} k+2_{2 ,k+2}(τ) )

= 1 θ_4(τ) ( Θ_{2(ℓ+1)−(k+2),4(k+2)}(τ) + Θ_{2(ℓ+1)+3(k+2),4(k+2)}(τ)−

−Θ_{−2(ℓ+1)−(k+2),4(k+2)}(τ) − Θ_{−2(ℓ+1)+3(k+2),4(k+2)}(τ) ) , χ_{ℓ (−,−)}(τ) = 1 θ_3(τ) ( Θ_{2(ℓ+1)−(k+2),4(k+2)}(τ) + (−1)^kΘ_{2(ℓ+1)+3(k+2),4(k+2)}(τ)

+(−1)^ℓΘ_{−2(ℓ+1)−(k+2),4(k+2)}(τ) + (−1)^{k+ℓ}Θ_{−2(ℓ+1)+3(k+2),4(k+2)}(τ) ) . (D.5)

The first character has the vacuum with h = h_ℓ ≡ ℓ(ℓ + 2) 4(k + 2)

, (the same as the primary of SU(2)_k) , (D.6)

and, the second and third ones have the vacuum with h = h^t_ℓ ≡ k − 2 + (k − 2ℓ)^2 16(k + 2) + 1 16 . (D.7)

This vacuum of (D.7) is interpreted as given by the product of the twist field in the U(1)- sector and the “C-disorder field” [58] in the Z_k-parafermion theory [60]. Note that we have χ_{k−ℓ (−,+)} = χ_{ℓ (−,+)}, χ_{k−ℓ (−,−)} = χ_{ℓ (−,−)}. We have to actually identify the corresponding primary fields, only leaving ℓ = 0, 1, . . . , [_k 2 ] as independent primary fields.

The modular transformation formulas are written as

χ_{ℓ (+,−)}(τ + 1) = e^{2πi} ( h_ℓ−^k_{8(k+2)} ) χ_{ℓ (+,−)}(τ) , χ_{ℓ (+,−)} ( − 1 τ ) = k∑ ℓ^′=0 (−1)^{ℓ/2}S_{ℓ,ℓ}′ χ_ℓ′_{(−,+)}(τ),

χ_{ℓ (−,+)}(τ + 1) = e^{2πi} ( h^t_ℓ−^k_{8(k+2)} ) χ_{ℓ (−,−)}(τ) , χ_{ℓ (−,+)} ( − 1 τ ) = k∑ ℓ^′=0 S_{ℓ,ℓ}′ (−1)^{ℓ′/2} χ_ℓ′_{(+,−)}(τ) ,

χ_{ℓ (−,−)}(τ + 1) = e^{2πi} ( h^t_ℓ−^k_{8(k+2)} ) χ_{ℓ (−,+)}(τ) , χ_{ℓ (−,−)} ( − 1 τ ) =(−i) k∑ ℓ^′=0 ^S_{ℓ,ℓ′} χ_{ℓ′ (−,−)}(τ) . (D.8) Here S_{ℓ,ℓ}′ ≡ √_2

k+2 sin

(_{(ℓ+1)(ℓ′ +1)} k+2 ) is the modular S-matrix of the SU(2) WZW model at

level k, and we set ^S_{ℓ,ℓ}′ = e^{πi2} (^{ℓ+ℓ′+2− k+22} ) S_{ℓ,ℓ}′ .

E. Extended characters and appell function

In [1] the modular transformation formulas of the massless extended characters in the L_{N,K} - sector have been derived using the integration formula presented in [61]. On the other hand, the massless extended characters are closely related with the higher level Appell functions [33, 34], and their modular properties are studied in [34]. In this comparably long appendix we try to rederive the modular transformation formulas of massless extended characters based on the results given in [34]. We shall use the notations e^{2πiτ} ≡ q, e^{−2πi 1}τ ≡ q̃ and e^{2πiz} ≡ y. For our purpose it is the most convenient to concentrate on the ~R-sector.

– 41 –

E.1 Preliminaries The relevant modular transformation formula (C.13) can be rewritten in a more convenient form (for the ~R-sector);

χ_d^{(~R)} ( s, m; − 1 τ , z τ ) = e^{iπĉ z2τ} [ − i √ 2NK ∑ m^′∈Z_{2NK} e^{−2πi mm′2NK} × (E.1)

× ∫ R+i0 dp^′ e^{−2π s−K√2NK p′} 1 − e^{−2π} (√_N 2K p^′+i^{m′}_{2K} ) χ_c^{(~R)}(p^′, m^′; τ, z) +

+ 1 N N+K−1 ∑ s^′=K ∑ m^′∈Z_{2NK} e^{2πi(s−K)(s} ′ −K)−mm′ 2NK χ_d^{(~R)}(s^′, m^′; τ, z) ] ,

The extended massive character χ_c^{(~R)}(p, m) is explicitly written as χ_c^{(~R)}(p, m; τ, z) ≡ q^{p22} Θ_{m,NK} ( τ, 2z N ) iθ_1(τ, z) η(τ)^3

. (E.2)

On the other hand, the modular transformation formula of the level ℓ Appell function (3.25) is given by [34]; K_ℓ ( − 1 τ , ν τ , μ τ ) = τe^{iπℓ ν2−μ2τ} K_ℓ(τ, ν, μ) + τ ℓ−1∑ a=0 e^{iπ ℓτ (ν+ aℓ τ )2} Φ(ℓτ, ℓμ − aτ)θ_3(ℓτ, ℓν + aτ)

≡ τe^{iπℓ ν2−μ2τ} K_ℓ(τ, ν, μ) + τe^{iπℓ ν2τ} ℓ−1∑ a=0 Φ(ℓτ, ℓμ − aτ)Θ_{a,} ℓ_2 (τ, 2ν) , (E.3) where we set Φ(τ, μ) ≡ − i 2 √ −iτ − 1 2 ∫_∞ −∞ dx e^{−πx2} sinh(πx √ −iτ(1 + 2^μ_τ )) sinh(πx √ −iτ) . (E.4)

As we see below, it is enough to only consider the μ = 0 case. Using the identity

q̃^{x′2}2 √ −iτ = ∫ R+iξ dp^′ e^{−2πip′x′} q^{p′22} , (^∀ξ ∈ R) , (E.5) and also the standard contour deformation technique, we can rewrite (E.3) in a more convenient form; K_ℓ ( − 1 τ , ν τ , 0 ) =τe^{iπℓ ν2τ} [ K_ℓ(τ, ν, 0)− i √ ℓ ℓ−1∑ a=0 Θ_{a,} ℓ_2 (τ, 2ν) ∫ R+i0 dp^′ 1 1 − e^{−2π} (_{p′} √ ℓ +i^a_ℓ ) q^{p′22} ] . (E.6)

E.2 Derivation of eq. (E.1) from the STT formula (E.6) Now, we try to derive the modular transformation formula (E.1) from (E.6). The key idea is to make use of the relations between the massless characters and Appell function (3.26), (3.27).

– 42 –

We first focus on the range K ≤ s ≤ N +K−1, and later discuss other values. Based on (3.27), our first task is to evaluate the modular transformation of K_{2NK} ( τ, z + aτ + b N , 0 )

by the formula (E.6) (a, b ∈ Z_N); K_{2NK} ( − 1 τ , 1 N ( z τ − a τ + b ) , 0 ) = ≡ K_{2NK} ( − 1 τ , 1 τ ( z + bτ − a N ) , 0 )

= τe^{iπ2NK 1τ} (^{z+bτ −aN} )^2 [ K_{2NK} ( τ, z + bτ − a N , 0 ) − − i √ 2NK ∑ m^′∈Z_{2NK} Θ_m′_{,NK} ( τ, 2(z + bτ − a) N ) ×

× ∫ R+i0 dp^′ 1 1 − e^{−2π} (_{p′√} 2NK +i^{m′}_{2NK} ) q^{p′22} ] . (E.7)

Using (3.27), we obtain

χ_d^{( ~NS)} ( s, s − K + 2Ka; − 1 τ , z τ ) = = q̃^{KN a2} e^{2πi 2KN azτ} 1 N ∑ b∈Z_N e^{−2πi (s−K)bN} K_{2NK} ( − 1 τ , 1 N ( z τ − a τ + b ) , 0 ) iθ_1(−1/τ, z/τ) η(−1/τ)^3 = e^{iπĉ z2τ} 1 N ∑ b∈Z_N q^{KN b2} y^{2KN b}e^{−2πi s−K+2KaN b} ×

× [ K_{2NK} ( τ, z + bτ − a N , 0 ) − − i √ 2NK ∑ m^′∈Z_{2NK} Θ_m′_{,NK} ( τ, 2(z + bτ − a) N ) ×

× ∫ R+i0 dp^′ 1 1 − e^{−2π} (_{p′√} 2NK +i^{m′}_{2NK} ) q^{p′22} ] iθ_1(τ, z) η(τ)^3 , ≡ (dis. term) + (con. term) . (E.8)

The terms (dis. term) and (con. term) correspond to the first and second terms, which we will separately evaluate.

1. discrete term:

Recalling the relation (3.26), we obtain

(dis. term) = e^{iπĉ z2τ} 1 N ∑ b∈Z_N

N+K−1 ∑ s^′=K e^{− 2πiN {(s−K)b+(s′−K)a+2Kab}} × × χ_d^{(~R)}(s^′, s^′ − K + 2Kb; τ, z) = e^{iπĉ z2τ} 1 N ∑ m^′∈Z_{2NK}

N+K−1 ∑ s^′=K e^{2πi (s−K)(s} ′ −K)−mm′ 2NK × × χ_d^{(~R)}(s^′, m^′; τ, z) . (E.9)

– 43 –

In the second line we set m = s − K + 2Ka, m^′ = s^′ − K + 2Kb. 2. continuous term:

We first note q^{KN b2} y^{2KN b} Θ_m′_{,NK} ( τ, 2(z + bτ − a) N ) = e^{−2πi am′N} Θ_m′_{+2Kb,NK} ( τ, 2z N ) . (E.10)

Then we obtain

(con. term) = e^{iπĉ z2τ} 1 N ∑ b∈Z_N ∑ m^′∈Z_{2NK} e^{−2πi (s−K)bN} e^{−2πi am′N} Θ_m′_{,NK} ( τ, 2z N ) ×

× −i √ 2NK ∫ R+i0 dp^′ q^{p′22} 1 1 − e^{−2π} (_{p′√} 2NK +i^{m′−2Kb} 2NK ) iθ_1(τ, z) η(τ)^3

. (E.11)

Moreover, using the identities 1 1 − e^{−2π} (_{p′} √ 2NK +i^{m′−2Kb} 2NK ) = N−1∑ α=0 e^{−2πα} (_{p′√} 2NK +i^{m′−2Kb} 2NK )

1 − e^{−2π} (√ N 2K p^′+i^{m′}_{2K} ) , 1 N ∑ b∈Z_N e^{−2πi bN (s−K−α)} = δ^{(N)}_{α,s−K} , (E.12)

we find

(con. term) = −e^{iπĉ z2τ} i √ 2NK ∑ m^′∈Z_{2NK} e^{−2πi mm′2NK} Θ_m′_{,NK} ( τ, 2z N ) ×

× ∫ R+i0 dp^′ q^{p′22} e^{−2π s−K√2NK p′} 1 − e^{−2π} (√_N 2K p^′+i^{m′}_{2K} ) iθ_1(τ, z) η(τ)^3 = −e^{iπĉ z2τ} i √ 2NK ∑ m^′∈Z_{2NK} e^{−2πi mm′2NK} ×

× ∫ R+i0 dp^′ e^{−2π s−K√2NK p′} 1 − e^{−2π} (√_N 2K p^′+i^{m′}_{2K} ) χ_c^{(~R)}(p^′, m^′; τ, z) . (E.13)

In this way we have reproduced the modular transformation formula (E.1).

To complete our proof we have to also work with the cases of s < K and N + K ≤ s. First of all, s = N + K is reduced to s = K by the charge conjugation relation (C.7). Next we consider the case of s > N + K. We set

s − K = s_0 − K + Nj , 0 ≤ s_0 − K ≤ N , j ∈ Z_{>0} , (E.14) and m = s − K + 2Kr , m_0 = s_0 − K + 2Kr , (i.e. m = m_0 + Nj) . (E.15)

– 44 –

Making use of the identity ( yq^N(^{n+ rN} ) )^s0^{−K}_{N +j} 1 − yq^N(^{n+ rN} ) = ( yq^N(^{n+ rN} ) )^s0^{−K}_N 1 − yq^N(^{n+ rN} ) − j−1∑ a=0 ( yq^N(^{n+ rN} ) )^s0^{−K}_{N +a} , (E.16)

we can show

χ_d^{(~R)}(s, m; τ, z) = χ_d^{(~R)}(s_0, m_0; τ, z) − j−1∑ a=0 χ_c^{(~R)} ( i s_0 − K + Na √ 2NK , m_0 + Na; τ, z ) . (E.17)

Since K ≤ s_0 ≤ N + K, the first term χ_d^{(~R)}(s_0, m_0; τ, z) has been already shown to obey the modular transformation formula (E.1), and the modular transformation of second term is evaluated as

χ_c^{(~R)} ( i s_0 − K + Na √ 2NK , m_0 + Na; − 1 τ , z τ ) = (E.18) = −e^{iπĉ z2τ} i √ 2NK ∑ m^′∈Z_{2NK} e^{−2πi (m0 +Na)m} ′ 2NK ∫_∞ −∞ dp^′ e^{−2π s0−K+Na} √ 2NK p^′ χ c (~R)(p′, m′; τ, z) .

We also remark e^{−2π} (√_N 2K p^′+i^{m′}_{2K} )_s 0−K N 1 − e^{−2π} (√_N 2K p^′+i^{m′}_{2K} ) − j−1∑ a=0 e^{−2π} (√_N 2K p^′+i^{m′}_{2K} )(_s 0−K N +a ) = e^{−2π} (√_N 2K p^′+i^{m′}_{2K} )(_s 0−K N +j )

1 − e^{−2π} (√_N 2K p^′+i^{m′}_{2K} ) , (E.19) e^{2πi (s−K)(s} ′−K)−mm′ 2NK = e^{2πi (s0 −K)(s} ′−K)−m 0m ′ 2NK . (E.20)

Combining these identities with the character relation (E.17), we can readily confirm that χ_d^{(~R)}(s, m; τ, z) with s > N + K still obeys the modular transformation formula (E.1).

The cases of s < K can be reduced to s > N +K by using again the charge conjugation relation (C.7). Therefore, the formula (E.1) has been derived from (E.6) in all the cases.

References

[1] T. Eguchi and Y. Sugawara, Modular bootstrap for boundary N = 2 Liouville theory, J. High Energy Phys. 01 (2004) 025 [hep-th/0311141].

[2] C. Ahn, M. Stanishkov and M. Yamamoto, One-point functions of N = 2 super-Liouville theory with boundary, Nucl. Phys. B 683 (2004) 177 [hep-th/0311169].

[3] D. Israel, A. Pakman and J. Troost, Extended SL(2, R)/U(1) characters, or modular properties of a simple non-rational conformal field theory, J. High Energy Phys. 04 (2004) 045 [hep-th/0402085].

[4] T. Eguchi and Y. Sugawara, SL(2, R)/U(1) supercoset and elliptic genera of non-compact Calabi-Yau manifolds, J. High Energy Phys. 05 (2004) 014 [hep-th/0403193].

– 45 –

[5] D. Israel, C. Kounnas, A. Pakman and J. Troost, The partition function of the supersymmetric two- dimensional black hole and little string theory, J. High Energy Phys. 06 (2004) 033 [hep-th/0403237].

[6] D. Israel, A. Pakman and J. Troost, D-branes in N = 2 Liouville theory and its mirror,

hep-th/0405259.

[7] C. Ahn, M. Stanishkov and M. Yamamoto, Zz-branes of N = 2 super-Liouville theory, J.

High Energy Phys. 07 (2004) 057 [hep-th/0405274].

[8] A. Fotopoulos, V. Niarchos and N. Prezas, D-branes and extended characters in SL(2, R)/U(1), hep-th/0406017.

[9] Y. Nakayama, Y. Sugawara and H. Takayanagi, Boundary states for the rolling D-branes in NS5 background, J. High Energy Phys. 07 (2004) 020 [hep-th/0406173].

[10] K. Hosomichi, N = 2 Liouville theory with boundary, hep-th/0408172.

[11] Y. Nakayama, Crosscap states in N = 2 Liouville theory, hep-th/0409039.

[12] D. Gepner, Exactly solvable string compactifications on manifolds of SU(N) holonomy, Phys.

Lett. B 199 (1987) 380; Space-time supersymmetry in compactified string theory and superconformal models, Nucl. Phys. B 296 (1988) 757.

[13] V. Fateev, A. B. Zamolodchikov and A. B. Zamolodchikov, unpublished.

[14] A. Giveon and D. Kutasov, Little string theory in a double scaling limit, J. High Energy Phys. 10 (1999) 034 [hep-th/9909110]; Comments on double scaled little string theory, J. High Energy Phys. 01 (2000) 023 [hep-th/9911039].

[15] K. Hori and A. Kapustin, Duality of the fermionic 2d black hole and N = 2 Liouville theory as mirror symmetry, J. High Energy Phys. 08 (2001) 045 [hep-th/0104202].

[16] S. Mukhi and C. Vafa, Two-dimensional black hole as a topological coset model of c = 1 string theory, Nucl. Phys. B 407 (1993) 667 [hep-th/9301083].

[17] D. Ghoshal and C. Vafa, C = 1 string as the topological theory of the conifold, Nucl. Phys. B 453 (1995) 121 [hep-th/9506122].

[18] H. Ooguri and C. Vafa, Two-dimensional black hole and singularities of CY manifolds, Nucl.

Phys. B 463 (1996) 55 [hep-th/9511164].

[19] O. Aharony, M. Berkooz, D. Kutasov and N. Seiberg, Linear dilatons, NS5-branes and holography, J. High Energy Phys. 10 (1998) 004 [hep-th/9808149].

[20] A. Giveon, D. Kutasov and O. Pelc, Holography for non-critical superstrings, J. High Energy Phys. 10 (1999) 035 [hep-th/9907178].

[21] O. Pelc, Holography, singularities on orbifolds and 4d N = 2 SQCD, J. High Energy Phys. 03 (2000) 012 [hep-th/0001054].

[22] T. Eguchi and Y. Sugawara, Modular invariance in superstring on Calabi-Yau n-fold with A-D-E singularity, Nucl. Phys. B 577 (2000) 3 [hep-th/0002100].

[23] W. Lerche, On a boundary CFT description of nonperturbative N = 2 Yang-Mills theory,

hep-th/0006100.

[24] W. Lerche, C.A. Lutken and C. Schweigert, D-branes on ale spaces and the ADE classification of conformal field theories, Nucl. Phys. B 622 (2002) 269 [hep-th/0006247].

– 46 –

[25] T. Eguchi and Y. Sugawara, D-branes in singular Calabi-Yau n-fold and N = 2 Liouville theory, Nucl. Phys. B 598 (2001) 467 [hep-th/0011148].

[26] K. Hori and A. Kapustin, Worldsheet descriptions of wrapped ns five-branes, J. High Energy Phys. 11 (2002) 038 [hep-th/0203147].

[27] S. Mizoguchi, Modular invariant critical superstrings on four-dimensional Minkowski space x two-dimensional black hole, J. High Energy Phys. 04 (2000) 014 [hep-th/0003053]; Noncompact gepner models for type-II strings on a conifold and an ale instanton,

hep-th/0009240;

S. Yamaguchi, Gepner-like description of a string theory on a non-compact singular Calabi-Yau manifold, Nucl. Phys. B 594 (2001) 190 [hep-th/0007069]; Noncompact gepner models with discrete spectra, Phys. Lett. B 509 (2001) 346 [hep-th/0102176]; Coset character identities in superstring compactifications, J. High Energy Phys. 01 (2002) 023 [hep-th/0112004];

K. Sugiyama and S. Yamaguchi, D-branes on a noncompact singular Calabi-Yau manifold, J. High Energy Phys. 02 (2001) 015 [hep-th/0011091];

M. Naka and M. Nozaki, Singular Calabi-Yau manifolds and ade classification of cfts, Nucl. Phys. B 599 (2001) 334 [hep-th/0010002];

S. Murthy, Notes on non-critical superstrings in various dimensions, J. High Energy Phys. 11 (2003) 056 [hep-th/0305197].

[28] Y. Nakayama, Liouville field theory: a decade after the revolution, Int. J. Mod. Phys. A 19 (2004) 2771 [hep-th/0402009].

[29] T. Eguchi, H. Ooguri, A. Taormina and S.-K. Yang, Superconformal algebras and string compactification on manifolds with SU(N) holonomy, Nucl. Phys. B 315 (1989) 193.

[30] S. Gukov, C. Vafa and E. Witten, CFT’s from Calabi-Yau four-folds, Nucl. Phys. B 584 (2000) 69 [hep-th/9906070];

A.D. Shapere and C. Vafa, BPS structure of Argyres-Douglas superconformal theories,

hep-th/9910182.

[31] J.M. Maldacena, G.W. Moore and N. Seiberg, Geometrical interpretation of D-branes in gauged WZW models, J. High Energy Phys. 07 (2001) 046 [hep-th/0105038].

[32] D. Kutasov, A geometric interpretation of the open string tachyon, hep-th/0408073.

[33] A. Polishchuk, M. P. Allell’s function and vector bundles of rank 2 on elliptic curves,

math.AG/9810084.

[34] A.M. Semikhatov, I.Y. Tipunin and A. Taormina, Higher-level appell functions, modular transformations, and characters, math.qa/0311314.

[35] W. Boucher, D. Friedan and A. Kent, Determinant formulae and unitarity for the N = 2 superconformal algebras in two-dimensions or exact results on string compactification, Phys. Lett. B 172 (1986) 316.

[36] L.J. Dixon, M.E. Peskin and J. Lykken, N=2 superconformal symmetry and SO(2, 1) current algebra, Nucl. Phys. B 325 (1989) 329.

[37] A. Hanany, N. Prezas and J. Troost, The partition function of the two-dimensional black hole conformal field theory, J. High Energy Phys. 04 (2002) 014 [hep-th/0202129].

– 47 –

[38] E. Witten, On string theory and black holes, Phys. Rev. D 44 (1991) 314;

G. Mandal, A.M. Sengupta and S.R. Wadia, Classical solutions of two-dimensional string theory, Mod. Phys. Lett. A 6 (1991) 1685;

I. Bars and D. Nemeschansky, String propagation in backgrounds with curved space-time, Nucl. Phys. B 348 (1991) 89;

S. Elitzur, A. Forge and E. Rabinovici, Some global aspects of string compactifications, Nucl. Phys. B 359 (1991) 581.

[39] Y. Hikida and Y. Sugawara, Superstring vacua of 4-dimensional pp-waves with enhanced supersymmetry, J. High Energy Phys. 10 (2002) 067 [hep-th/0207124].

[40] D. Gepner and Z.A. Qiu, Modular invariant partition functions for parafermionic field theories, Nucl. Phys. B 285 (1987) 423.

[41] E. Witten, On the Landau-Ginzburg description of N = 2 minimal models, Int. J. Mod. Phys.

A 9 (1994) 4783 [hep-th/9304026].

[42] T. Kawai, Y. Yamada and S.-K. Yang, Elliptic genera and N = 2 superconformal field theory, Nucl. Phys. B 414 (1994) 191 [hep-th/9306096].

[43] P.C. Argyres and M.R. Douglas, New phenomena in SU(3) supersymmetric gauge theory, Nucl. Phys. B 448 (1995) 93 [hep-th/9505062];

P.C. Argyres, M. Ronen Plesser, N. Seiberg and E. Witten, New N = 2 superconformal field theories in four dimensions, Nucl. Phys. B 461 (1996) 71 [hep-th/9511154]; T. Eguchi, K. Hori, K. Ito and S.-K. Yang, Study of n = 2 superconformal field theories in 4 dimensions, Nucl. Phys. B 471 (1996) 430 [hep-th/9603002].

[44] O. Aharony, A. Giveon and D. Kutasov, LSZ in lst, Nucl. Phys. B 691 (2004) 3 [hep-th/0404016].

[45] H. Ooguri, Y. Oz and Z. Yin, D-branes on Calabi-Yau spaces and their mirrors, Nucl. Phys.

B 477 (1996) 407 [hep-th/9606112].

[46] S. Ribault and V. Schomerus, Branes in the 2D black hole, J. High Energy Phys. 02 (2004) 019 [hep-th/0310024].

[47] A. Recknagel and V. Schomerus, D-branes in gepner models, Nucl. Phys. B 531 (1998) 185 [hep-th/9712186].

[48] T. Eguchi and A. Taormina, Character formulas for the N = 4 superconformal algebra, Phys.

Lett. B 200 (1988) 315; On the unitary representations of N = 2 and N = 4 superconformal algebras, Phys. Lett. B 210 (1988) 125.

[49] I. Brunner, M.R. Douglas, A.E. Lawrence and C. Romelsberger, D-branes on the quintic, J.

High Energy Phys. 08 (2000) 015 [hep-th/9906200].

[50] C. Bachas and M. Petropoulos, Anti-de-sitter D-branes, J. High Energy Phys. 02 (2001) 025 [hep-th/0012234].

[51] B. Ponsot, V. Schomerus and J. Teschner, Branes in the euclidean AdS_3, J. High Energy Phys. 02 (2002) 016 [hep-th/0112198];

A. Giveon, D. Kutasov and A. Schwimmer, Comments on D-branes in AdS_3, Nucl. Phys. B 615 (2001) 133 [hep-th/0106005];

P. Lee, H. Ooguri and J.W. Park, Boundary states for AdS_2 branes in AdS_3, Nucl. Phys. B 632 (2002) 283 [hep-th/0112188].

– 48 –

[52] J. Teschner, On structure constants and fusion rules in the SL(2, C )/SU(2) WZNW model, Nucl. Phys. B 546 (1999) 390 [hep-th/9712256]; Operator product expansion and factorization in the H − 3+ WZNW model, Nucl. Phys. B 571 (2000) 555 [hep-th/9906215]; V. Fateev, A. B. Zamolodchikov and A. B. Zamolodchikov, unpublished.

[53] T. Eguchi, Modular bootstrap of boundary N = 2 liouville theory, hep-th/0409266.

[54] A. Sen, Non-BPS states and branes in string theory, hep-th/9904207.

[55] A. Kapustin, D-branes in a topologically nontrivial B-field, Adv. Theor. Math. Phys. 4 (2000) 127 [hep-th/9909089];

P. Bouwknegt and V. Mathai, D-branes, B-fields and twisted K-theory, J. High Energy Phys. 03 (2000) 007 [hep-th/0002023];

J. M. Maldacena, G. W. Moore and N. Seiberg, D-brane instantons and K-theory charges, J. High Energy Phys. 11 (2001) 062 [hep-th/0108100]; D-brane charges in five-brane backgrounds, J. High Energy Phys. 11 (2001) 005 [hep-th/0108152].

[56] T. Eguchi and Y. Sugawara, String theory on G_2 manifolds based on GEPNER construction, Nucl. Phys. B 630 (2002) 132 [hep-th/0111012].

[57] V.K. Dobrev, Characters of the unitarizable highest weight modules over the N = 2 superconformal algebras, Phys. Lett. B 186 (1987) 43;

Y. Matsuo, Character formula of c ¡ 1 unitary representation of N = 2 superconformal algebra, Prog. Theor. Phys. 77 (1987) 793;

E. Kiritsis, Character formulae and the structure of the representations of the N = 1, N = 2 superconformal algebras, Int. J. Mod. Phys. A 3 (1988) 1871.

[58] A.B. Zamolodchikov and V.A. Fateev, Disorder fields in two-dimensional conformal quantum field theory and N = 2 extended supersymmetry, Sov. Phys. JETP 63 (1986) 913; F. Ravanini and S.K. Yang, C disorder fields and twist partition functions in parafermionic conformal field theories, Nucl. Phys. B 295 (1988) 262.

[59] Z.A. Qiu, Conformal field theories and modular invariant partition functions for parafermion field theories, Nucl. Phys. B 295 (1988) 171.

[60] V.A. Fateev and A.B. Zamolodchikov, Parafermionic currents in the two-dimensional conformal quantum field theory and selfdual critical points in Z_n invariant statistical systems, Sov. Phys. JETP 62 (1985) 215;

D. Gepner and Z.A. Qiu, Modular invariant partition functions for parafermionic field theories, Nucl. Phys. B 285 (1987) 423.

[61] K. Miki, The representation theory of the SO(3) invariant superconformal algebra, Int. J.

Mod. Phys. A 5 (1990) 1293.

– 49 –